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1. Introduction 

A certain nilpotent Lie group plays an important role in the study of the 
foundations of quantum mechanics ( cf. [30] and [41] ) and the study of theta 
functions ( see [1] , [5] , [14] , [27] , [28] , [31] , [39] , [42] and [43]). 



G Sp{m + n, 1 



For any positive integers m and n, we consider the Heisenberg group 

Hj£' m) := { (A,At,K) | A,/u G R( m ' n \ k G R( m > m ), k + /i *A symmetric} 

endowed with the following multiplication law 

(A, ^,«) o (A',/i', «') = (A + A',/i + //, k + k + A V - M 

The Heisenberg group is embedded in the symplectic group Sp(m + 

n, M) via the mapping 

/4 o o V\ 

\ I m H K 

4 -'A 

\o o o i m y 

This Heisenberg group is a 2-step nilpotent Lie group and is important in the 
study of smooth compactification of Siegel moduli spaces. In fact, H^' m ^ 
is obtained as the unipotent radical of the parabolic subgroup of the ra- 
tional boundary component F n { cf. [6 J pp. 122-123, [29j p. 21 or [52j p. 36). In 
the case m = 1, the study on this Heisenberg group was done by many 
mathematicians, e.g., P. Cartier[4], J. Igusa [14] . D. Mumford [27j. |28j and 
many analysts (cf. [2j) explicitly. For the case m > 1, the multiplication law 
is a little different from that of the Heisenberg group which is usually known 
and needs much more complicated computation than the case m = 1. 

The aim of this paper is to investigate the Heisenberg group H^ 1 '" 1 ^ in 
more detail. In the previous papers [42] and [33], the author decomposed 

the L 2 -space I? ( H^ l ' m \Hk l ' rn ^ J with respect to the right regular represen- 



tation of H^' 171 ^ explicitly and related the study of H^' m ^ to that of theta 

functions, where H < ^ ,m " > denotes the discrete subgroup of H^ ,m ^ consisting 

of integral elements. We need to investigate H^' m ^ for the study of Jacobi 
forms ( cf. [52], [57]), degeneration of abelian varieties ( cf. [6] ) and so on. 

This paper is organized as follows. In Section 2, we introduce the new 
multiplication on H^' 171 ^ which will be useful in the subsequent sections. 
And we find the Lie algebra of H^' m ^ and obtain the commutation relation 

for H^' m \ In Section 3, we give an explicit description of theta functions 
due to J. Igusa (cf. p3] or [27] ) and identify the theta functions with the 

smooth functions on H^' m ^ satisfying some conditions. The results of this 
section will be used later. In Section 4, using the Mackey decomposition of 
a locally compact group (cf. [24] ), we introduce the induced representations 
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of Hjj ' and compute the unitary dual of ' .In Section 5, we realize 

the Schrodinger representation of H^'™^ as the the representation of H^' m ^ 
induced by the one-dimensional unitary character of a certain subgroup of 
H^' m \ In Section 6, we consider the Fock representation ( JJ F,M , TLf,m ) 01 
H^'" 1 ^ . We prove that for a positive definite symmetric half- integral matrix 
M of degree m, JJ F,M is unitarily equivalent to the Schrodinger representa- 
tion U ' M . We also find an orthonormal basis for the representation space 
T~(-F,M- This section is mainly based on the papers [311 [32J H5]. In Section 
7, we prove that for any positive definite symmetric, half- integral matrix of 
degree to, the lattice representation ttm of H^ ,m ^ is unitarily equivalent to 
the (det 2A4 ) ra -multiples of the Schrodinger representation U ,M . We give 
a relation between the lattice representation ttj^ and theta functions. This 
section is based on the paper [46J. In Section 8, we find the coadjoint orbits 
ofi4 n ' m) . And we describe explicitly the connection between the coad- 

joints orbits and the irreducible unitary representations of H^' m ^ following 
the work of A. Kirillov ( cf. [16], [17] and [18] ). In Section 9, considering the 
Schrodinger representation ( U S ' Im , L 2 (M^ m ' n \ d£) ) , we study the Hermite 
operators and the Hermite functions. We prove that Hermite functions 
defined in this section form an orthonormal basis for L 2 (M.( m ' n \ d£) and 
eigenfunctions for Hermite operators, the Fourier transform and the Fourier 
cotransform. We mention that Hermitian functions are used to construct 
non-holomorphic modular forms of half- integral weight ( cf . [43] ) . Implic- 
itly the study of the Heisenberg group H^' m ^ implies that the confluent 
hypergeometric equations (in this case, the Hermite equation) are related 
to the study of automorphic forms. In Section 10, we investigate the ir- 
reducible components of L 2 (^H^' m \H^' m ^j . We describe the connection 

among these irreducible components, the Schrodinger representations, the 
Fock representations and the lattice representations explicitly. We also pro- 
vide the orthonormal bases for the representation spaces respectively. A 
decomposition of L 2 (T\G) for a general nilpotent Lie group G and a dis- 
crete subgroup r of G was dealt by C. C. Moore ( cf. [26] ). In Section 11, we 
briefly review the symplectic group and its action on the Siegel upper half 
plane to be needed in the subsequent sections. We construct the universal 
covering group of the symplectic group. In Section 12, we present some 
properties of the geometry on the Siegel upper half plane which are used 
in the subsequent sections. In Section 13, we study the Weil representation 
associated to a positive definite symmetric real matrix of degree m. We 
describe the explicit actions for the Weil representation. We describe the 
results on the Weil representation which were obtained by Kashiwara and 
Vergne [15] . In Section 14, we construct the covariant maps for the Weil 
representation. In Section 15, we review various type of theta series asso- 
ciated to quadratic forms. In Section 16, we discuss the theta series with 
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harmonic coefficients. Pluriharmonic polynomials play an important role in 
the study of the Weil representation. We prove that the theta series with 
pluriharmonic polynomials as coefficients are a modular form for a suitable 
congruence subgroup of the Siegel modular group. This section is mainly 
based on the book [28]. In Section 17, we investigate the relation between 
the Weil representation and the theta series. We construct modular forms 
using the covariant maps for the Weil representation. In Section 18, we 
discuss the spectral theory on the principally polarized abelian variety Aq 
attached to an element of the Siegel upper half plane. We decompose the 
L 2 -space of Aq into irreducibles explicitly. We refer to [17] for more detail. 

Finally I would like to mention that a Heisenberg group was paid to an 
attention by some differential geometers, e.g., M. L. Gromov, in the sense 
of a parabolic geometry. A Heisenberg group is regarded as a principal fibre 
bundle over an Euclidean space with a vector space or a circle as fibres and 
may be also regarded as the boundary of a complex ball. The geometry of 
this group is quite different from that of an Euclidean space. 

Notations: We denote by Z, M. and C the ring of integers, the field of real 
numbers, and the field of complex numbers respectively. C* denotes the 
multiplicative group consisting of all nonzero complex numbers. denotes 
the multiplicative group consisting of all complex numbers z with \z\ = 1. 
Sp(n,M) denotes the symplectic group of degree n. H n denotes the Siegel 
upper half plane of degree n. The symbol ":=" means that the expression 
on the right is the definition of that on the left. We denote by Z + the set of 
all positive integers. F^ k ' 1 ^ denotes the set of all k X I matrices with entries 
in a commutative ring F. For any M G iA fc >0 } i M denotes the transposed 
matrix of M. For a complex matrix A, A denotes the complex conjugate of 
A. The diagonal matrix with entries di, • • • , a n on the diagonal position is 
denoted by diag(ai, • • • , a n ). For A G F^ k ' k \ a (A) denotes the trace of A. 
For A G F^ and B G F^ k ' k \ we set B\A) = l ABA. I k denotes the identity 
matrix of degree k. For a positive integer m, Sym (m, K) denotes the vector 
space consisting of all symmetric m x m matrices with entries in a field K. 
If H is a complex matrix or a complex bilinear form on a complex vector 
space, Re H and Im H denote the real part of H and the imaginary part of H 
respectively. If X is a space, S(X), C(X) and C£°(X) denotes the Schwarz 
space of infinitely differentiable functions on X that are rapidly decreasing 
at infinity, the space of all continuous functions on X and the vector space 
consisting of all compactly supported and infinitely differentiable functions 
on X respectively. 
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Zg' n) = I J = ( J ka ) G Z (m ^ \J ka >0 for all k, a } , 



1^1 — ^ ] ^fe,a! 
fc,a 

<^ i ^ka = {Jllt j <-^fca i 1, • • • , Jmn)i 

j\ =J n ! • • • J fca ! • • • J mn !. 
For £ = (f fco ) € R( m - n ) or C( m ' n ) and J = (J fco ) G Z^' n) , we denote 

(f^ll d^l2 d-ffca tin 

s — Sll S12 ^ka ^mn ■ 
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2. The Heisenberg Group 

For any two positive integer m and n, we let 

H^' m) = j(A,/x,re)| X,fi€ R (m ' n) , re G R (m ' m) , k + ^X symmetric } 
the Heisenberg group endowed with the following multiplication law 

(2.1) (A,//, re) o (A ,/Uo,re ) := (A + A , n + Ho, re + re + A*ju -//%). 

We observe that H^'^ is a 2-step nilpotent Lie group. It is easy to see that 
the inverse of an element (A, /i, re) G -f/^, ' ^ is given by 

(A, jU, re) -1 = (—A, — jU, —re + A*/i — /U*A). 

Now we put 

(2.2) [A, /x, re] = (0, /x, re) o (A, 0, 0) = (A,/z, re — ^ *A). 

Then i?i n ' m) may be regarded as a group equipped with the following mul- 
tiplication 

(2.3) [X,n, re] o [Ao,/io, «o] = [A + A ,/U + // , re + re + A*/xo + Mo*A]. 
The inverse of [A, /j,, re] G H^' m ^ is given by 

[A,//, re] -1 = [-A, -h,-k + A*/x + //*A]. 

We set 

(2.4) A = | [0, /it, re] G i^i n ' m) I Ai G M (m ' n) , re = 're G M (m ' m) } . 

Then „4 is a commutative normal subgroup of i4"' m) . Let A be the Pontra- 
jagin dual of A, i.e., the commutative group consisting of all unitary charac- 
ters of A. Then A is isomorphic to the additive group R( m ' n ) x Sym (m, M) 
via 

(2.5) (a, a) := e 2 ^ , a = [0, re] G A, a = (£, re) G A 
We put 

(2.6) 5 = | [A, 0, 0] G i4"' m) I A G M (m ' n) } = M (m ' n) . 
Then S acts on .4 as follows: 

(2.7) a A ([0,/z,re]) := [0,/x,re + A'/x + /x*A], oi\ = [A, 0, 0] G S. 

It is easy to see that the Heisenberg group (i/i n ' m \o) is isomorphic to the 



semidirect product Gu := S k A oi A and S whose multiplication is given 
by 

(A, a) ■ (A , a ) = (A + A , a + a A («o)), A, A G S, a, a G A 
On the other hand, S acts on A by 

(2.8) a* x (a) := (/t + 2reA,re), [A, 0,0] €5, a = (/}, re) G A 

Then we have the relation (a\(a),a) = (a, a* x (a)} for all a G .A and a G A 
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We have two types of 5-orbits in A. 

Type I. Let k G Sym(ra,]R) with k / 0. The 5-orbit of a(k) :- 
is given by 



(0, k) £ A 



(2.9) 



O. 



a ■■= { & 



\,k) e A 



\ € R(m,n) | 



(m,n) 



Type II. Let y G R^ m ' n \ The S-orbit 3 y of a(y) := (y, 0) is given by 

(2.10) dy:={(y,0)} = a(y)- 
We have 

*-( U U s, 

\K€Sym(m,R) / \j/6RKn) 

as a set. The stabilizer of S at a(k) = (0, k) is given by 

(2.11) S k = {0}. 
And the stabilizer Sy of S at a(y) = (y, 0) is given by 

(2.12) S s = | [A, 0, 0] I A G M (m ' n) } = S M (m ' n) . 
The following matrices 



Y' 



kl ■'- 



/0 \ 

\{E kl + E lk ) 



\0 J 

/ \ 



1 < k < I < m, 



E ka 

- l E ka 

\ / 

/o 

£ B 



Vo o o o / 



1 < k < m, 1 < a < n, 



l<l<m, l<b<n 



form a basis of the Lie algebra H^' m ^ of the real Heisenberg group H^ t ' m \ 
Here E k i denotes the mxm matrix with entry 1 where the A;-th row and the 
l-th column meet, all other entries and E ka (resp. Eib) denotes the m x n 
matrix with entry 1 where the A;-th (resp. the Z-th) row and the a-th (resp. 
the 6-th) column meet, all other entires 0. By an easy calculation, we see 
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that the following vector fields 



Dka 



8 



Di b :-- 



d 



1 < k < m, 

p=i * p=fc+i 



dfi, 



lb 



m Q 

+ ( E A ^ + E v^- 

p=i p p=i+i p 



l < k < m, 1 < a < n, 



1 < k < m, 1 < a < n 



form a basis for the Lie algebra of left-invariant vector fields on the Lie group 

Tr(n,m) 

R 

Lemma 2.1. M^e /iai>e the following Heisenberg commutation relations 
[D° kl ,D o st }=[D o kl ,D sa } = [D° kl ,D sa }=0, 
[D^, D a ] =[D ka ,D lb ]=0, 

[Dka, Di b ] = 2 S a b D kl , 

where 1 < k,l, s,t < m, 1 < a, b < n and 5 a b denotes the Kronecker delta 
symbol. 

Proof. The proof follows from a straightforward calculation. 
We put 

Z° kl := -V^lD° kh l<k<l<m, 



□ 



1 



Yka ■■= o ( D ka + 



-ID 



ha) 



1 < k < m, 1 < a < n, 



Y~ := - (D lb - V^lD lb ), l<l<m, 1 < b < n. 

Then it is easy to see that the vector fields Z kl , Y ka , form a basis of the 

complexification of the real Lie algebra H^' m - ) . 

Lemma 2.2. We have the following commutation relations 



[ Z kh Z st] 



Ka^t] = [Y ka ,Y-] = 0, 

K a ,Y lb -]=6 ab Z° kl , 
where 1 < k,l, s,t < m and 1 < a, b < n. 
Proof. It follows immediately from Lemma 2.1. 

We let E' kl := E u + E lk for 1 < k < I < m. We put 



□ 



Rkl(r) 

Psa(x) 

Qtbiv) 



= exp(2rX°) = (0,0,r^), r£ 
= exp (xX sa ) = (xE sa , 0, 0), x 6 
= exp(yX tb ) = (0,yE tb ,0), y G S 
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where 1 < k < I < m, 1 < s,t < m and 1 < a, b < n. Then these one- 
parameter subgroups generate the Heisenberg group i/^ n,m \ They satisfy 
the Weyl commutation relations : 

P S a(x) o Q sa (y) = Q sa (y) o P sa (x) o R ss (xy) (all others commute), 

where 1 < s < m and 1 < a < n. 

J. von Neumann [30] and M. Stone |38j proved the following uniqueness 
theorem simultaneously and independently. 

Theorem 2.3. Let n\ and TT2 be two irreducible unitary representations of 
the Heisenberg group H^' m ^ such that 

tti((0,0,k)) =tt 2 ((0,0,k)) for all k = G M (m ' m) . 
Then tt\ is unitarily equivalent to 7T2- 

We omit the proof of the above theorem. We refer to [21 J for the proof of 
Theorem 2.3 in the case m = 1 and also to [1] and [28] for more detail. 
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3. Theta Functions 

We fix an element £ M n once and for all. Prom now on, we put i = \J — 1. 
Let M. be a positive definite, symmetric even integral matrix of degree m. 
A holomorphic function / : C*-" 1 '" - -* — > C satisfying the following equation 

(3.1) f(W + £n + T]) =e- wia{M ^ + 2 t tw)} f{W), WeC M 

for all £, r] £ Z^" 1 '" - - 1 is called a theta function of level A4 with respect to £7. 
The set of all theta functions of level A4 with respect to f2 is a complex 
vector space of dimension (det A4) n with a basis consisting of theta functions 

(3.2) A (Q,W):= e nicT{Mi{N+A)ntiN+A) + 2WtiN+A))} , 

where A runs over a complete system of the cosets A / i _1 Z^ m ' n ) /7j( m ' n \ 

Definition 3.1. Let S be a positive definite, symmetric real matrix of degree 
m and let A, B £ R( m ' n ). We define the theta function 



(3.3) 



(fi,W) = V e ™°{S{{N+A)nXN+A) + 2(W+B)XN+A))} 
with characteristic (A, 5) converging normally on H n x C^ m ' n \ 



We have a general definition of theta functions. 

Definition 3.2. Let V be a complex vector space and let L C V be a lattice 
of V. A theta function on V relative to L is a nonzero holomorphic function 
on V satisfying the following condition 

#(w + f ) = e 2 - i (^( H/ )+ c «) l ?(Ty), 

where is a C-linear form on 1/ and eg is an element of C, for every W £ V 
and £ £ L. 

The mapping J:Lx7 — ► C* defined by 

J(£, W) := e^WfW+cf), £ e L, IfEF 

is easily seen to be an automorphic factor. We observe that for all £i, £2 € L 
and W £ V, 

Qti+b (W) + c ?i+6 = % + 6) + (W) + c ?1 + c 6 mod Z. 
J is called the automorphic factor of the theta function 1? on V relative to 
L. 

Theorem 3.3. (Igusa\£Q, p. 67). Let J : LxV — > C x be the automorphic 
factor of a theta function $ on V relative to L. Then there exists a unique 
triple {Q,l,ip) such that 

(3.4) J(£, W) = e ^ «W0+|0«.0+2«(0}^(^) j £, £ L, W £ V, 

where 
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(1) Q is a quasi- hermitian form on V x V, 

(2) the hermitian form H := Her (Q) defined by 

H(W 1 ,W 2 ) = Y i WW 1 ,W2)-Q{W 1 ,iW 2 )}, w u w 2 ev 

is a Riemann form with respect to L, that is, H = t H > and 
(Im H)(L xL)cZ, 

(3) I : V — > C is a C-linear form on V , 

(4) ip is a second degree character of L which is associated with A := 
Im H, 

(5) ip is strongly associated with A. 



Remark 3.4. (4) means that ip : L 
the functional equation 



is a semi-character of L satisfying 



(*) 



Definition 3.5. A theta function with the automorphic factor of the form 
(3.4) is called a theta function of type (Q,l,ip). We denote by L(Q,l,ip) 
the union of theta functions of type (Q,l,ip) and the constant 0. A theta 
function of type (Q,l,ip) is said to be normalized if SymQ = and I = 0. 
Here Sym Q : V x V — ► C is a symmetric C-linear form on V x V defined 
by 

(SymQ)(z, w) = — {Q(iz,w) + Q(z,iw)}, z,w € V. 

We observe that Q = HerQ + SymQ. We note that SymQ = if and 
only if Q = Her Q = H. We denote by Th(H, ip, L) the union of the set of all 
normalized theta functions of type (H, 0, ip) and the constant 0. It is easily 
seen that if ■& € Th(H,ip,L), for all W G V, £ G L, we have 



(3.5) 



Theorem 3.6. Let S be a positive definite, symmetric real matrix of degree 
m and let A,B be two mxn real matrices. Then for fi 6 H n and W 6 C^" 1- '™) , 



-A' 
-5 



(0.1) ^ g {Q,-W) = ^ 

{9.2) ^ ^ (n,w + \n + n) 

_ e -nia{S(\n t \ + 2(W+Li) t \)} e -27ricr(SB*A) . fl(S) 

for all A,jKe R( m < n ). 



'A + A' 
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(0.3) 

B). 



(fi, W) = e ni ^ S( - AQ * A ) + 2 ( W+B ) * A » 



Moreover, if S is a positive definite, symmetric integral matrix of 
degree m, we have 



(9A) ^ 



A + ( 

B + 7] 



(n,w). 



for all^rje z( m ' n ). 



(9.5) ^ 



(n,w + zn + ri) 



/or all^rje z( m < n ). 



(n,w) 



Proof. (9.1) follows immediately from the definition (3.3). (9.2) follows 
immediately from the relation 

(N + A)Q %N + A) + 2(W + \n + n + B) %N + A) 

= (N + A + X)Q t (N + A + X) + 2(W + n + B)\N + A + X) - (N + A)Q f X 

+ xn\N + A) - xn f x - 2(w + n + b) *a. 

If we put ^4 = B = and replace A, n by A, B in (0.2), then we obtain (9.3). 
For £, 77 G r L^ m ' n \ we have 



E « 

JV gZ (m,n) 

x e 27ri<7{S»7*(JV+$)} . e 27ria(S V) 



(n,w) 

ni a{S((A+N+£)n XA+N+O + 2 (W+B) \A+N+£))} 



(n,w). 



Here in the last equality we used the fact that a(Sr] t (N + £)) £ Z because 
5 is integral. (0.5) follows from (0.2), (0.4) and the fact that a(Sr)%) is 
integral. □ 

For a positve definite, symmetric real matrix S of degree m, f2 6 H n and 
A,BG R( m '"), we put 

(3.6) X S,<wK#i + r/) : \,.<>..uni.'/i ^e 2 -^*^^)}, 
where £,rj £ Z^ m ' n \ 



HEISENBERG GROUPS, THETA FUNCTIONS AND THE WEIL REPRESENTATION 15 



We define 

(3-7) q s ,n{W) = ^a(SW{n-n)- lt W), W G 

and also define 

(3.8) H s ,n(W 1 ,W 2 ) = 2ia(SW 1 (n-n)- lt W 2 ) , W 1 ,W 2 eC^ m ' n \ 
It is easy to check that Hs t n is a positive hermitian form on C*" 1 '™). 
Lemma 3.7. For W G C( m '™) and I G Z( m ' n )ft + z( m ' n ), we Ziawe 

(3.9) g Si n(W + I) = qs,n(W) + g S) n(0 + <r (5/(0 - H)- 1 . 
and 

(3.10) #s,n(w + ^ =a(5(W + |)(ImO)- 1 '/) 

-2ia{S{W + i) %), 

where l = £Sl + r], (,t)£ Z( m ' n ). 

Proof. It follows immediately from a straightforward computation. □ 

Lemma 3.8. Let S be a positive definite, symmetric integral matrix of degree 
m. For tt G H n , we let L n := Z( m ' n )f) + Z( m ' n ) be the lattice in C^ m ' n \ We 
define the mapping ips,Q '■ Lq — ► by 

(3.11) ^s,nm + v) = e mr7{S ^\ ^eZ M . 
Then 

(A) ips,n is a second-degree character of Lq associated with ImiJ^Q. 

(B) ips,ii " XS,ci,a,b is a second-degree character of associated with 

Proof. (A) We fix / = £Q + n G L n with £, ?7 G z( m ' n ). We define /, : L Q — ► 
Cf by 

, v . ^nffi + , _ T 
ips,n{h)i>s,n( l ) 

It is easy to see that /; is a character of Lq and hence to see that the map 
from Lq x Lq to defined by 

is a bicharacter of Lq, i.e., a character of in Zi and l 2 . Hence ips,n is a 
second degree character of Lq . In order to show that ips,n is associated with 
Hs,n, it is enough to prove that 

(3.12) ^ s>n (Zi + l 2 ) = e ^, n (ii,i 2 ) 
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for all I1J2 G Lq. Here As t n denotes the imaginary part of the positive 
hermitian form Hs,n- By an easy computation, we have 

(3.13) A s ,n(h, h) = % - m &)}, 

where k = + rfi G Lq(1 < i < 2). Hence (3.12) follows immediately 
from (3.13). 

(B) We fix I = & + r] £L n with £,77 G Z( m <"). We put ^.n^B := Y>s,n ■ 
XS,n,A,s- Then the map fo: L n — ► C* defined by 

f (i x ^s,n,A,B(/i +0 , r 

M'i) - 7 7-7 — . 'i e in 

VSSlA,BKh)VS,£l,A,B{h) 

is a character of Lq. So ^s,Q,a,b is a second degree character of Lq. In order 
to show that if)s,n is associated with Ag : n, it suffices to prove that 

(3.14) $s,n,A,B<!i + h) = e mA ^ h ^ $ s ,n,A,B(h) JsmaM 

for all h,h G Lq. An easy calculation yields (3.14). □ 

Theorem 3.9. We assume that S is a positive definite, symmetric integral 
matrix of degree m. Let Q G H n . We denote by the vector space of 
all holomorphic functions f : C^ m '™^ — ► C satisfying the transformation 
behaviour 

f(W + £n + v ) = e -*i*{S«n* + 2**wO} j( W ^ w G C M 
for all £,77 G Z( m,ri ). T/ien i/ie mapping 

&:Rs ^Th(H s ,n,^s,n,L Q ) 

defined by 

(0(F)) (W) := e 2niqs ' n ^F(W), F G Rg, W G d m ' n > 

zs an isomorphism of vector spaces, where Lq and ips,n are the same as in 
Lemma 3.8. 

Proof. First of all, we will show the image Q(Rg) is contained in Th(Hs,n,4>s,n, 
If F G Rg, We C (m '^ and l=^ + ij£ Lq, then we have 
@(F){W + l)= e ^is,n{W+l) F ( W + ^ 

= e 2ni{q s ,n{W) +q s ,n{l) + ^{Q-Q' 1 *W)} 

x e -«i<T{swH + 2WH)} F{w) (by Lemma 3.7) 

_ 2ni alStW+^in-Ti)- 1 H\ 

x e - W »<r{S(£n*£ + 2W*€ + 2W*0} . 0(F) (V^) 
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Thus 0(F) is contained in the set Th(Hs,n, ips,n> Ln). It is easy to see that 
the mapping is an isomorphism. □ 

Proposition 3.10. Let S be as above in Theorem 3.9 and A,BG M.( m ' n \ 
We denote by RgA B the union of the set of all theta functions with char- 
acteristic (A,B) with respect to S and O and the constant 0. Then we have 
an isomorphism 

Rs,a,b — Th(Hs t n, ips,n ■ Xs,n,A,B, Lq). 

Proof. First we observe that ips,Q ' XS,U,A,B 1S a second degree character of 
associated with As t n ( cf. Lemma 3.8 (B) ). In a similar way in the proof 
of Theorem 3.9, using (0.5), we can show that the mapping 

&A, B (f)(W) := e^w.«W f(W), f G R% A>B , W G 

has its image in Th(H s ,n, ips,n ■ XS,n,A,B, Lq). □ 

Proposition 3.11. Let S be as above in Theorem 3.9 and letA,B G R( m ' n \ 
Then we have an isomorphism 

Th(Hs,n,i>s,ci,Ln) = TH(H s> n,ip s> n • XS,n,A,B,Ln). 

Proof. The proof follows from the fact that the dimension of the complex vec- 
tor space Th(H s ,n,tps,n, Lq) is equal to that ofTh(H s ,n, 4>s,n-Xs,n,A,B, Lq). 
It is well known that the dimension of Th(Hs,n,ips,rii Ln) is equal to the 
Pfaffian of A s ,n relative to L n ( cf. [14J , p. 72 ). □ 

Remark 3.12. From Theorem 3.9, Proposition 3.10 and Proposition 3.11, 
Rg is isomorphic to Rg A B for any A,B G R^ m ' n \ 

Now as before, we fix an element f2 G M n and let S be a positive symmetric 
integral matrix of degree m. Then the lattice L := Z( m ' n ) x Z( m ' n ) acts on 
CM freely by 

v ) . W = W + £Sl + T], ^GZM, fgcM. 

Lemma 3.13. Let A, B G R^ m ' n \ Then the mapping J s ,q,a,b ■ LxC( m > n *> — > 
C* defined by 

(3.15) J s ,a, A ,B (l,W):= e m ^ + 2W **» • e~ 2m ^ A 

where I = (£, f/) G L and W G C^ m ' n \ Then Js,n,A,B is an automorphic 
factor for the lattice L. 

Proof. For brevity, we write J := Js,n,A,B- F° r any two elements U = 
(£ h rji) (i = 1,2) of L and W G <C (m ' n) , we must show that 

(3.16) J(h + l 2 , W) = J(h, h_ + W) J(l 2 , W). 

Using the fact that a(2Sr]2 is an even integer, an easy computation yields 
(3.16). □ 
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The Heisenberg group H^ 1 '™ 1 ^ with multiplication o acts on C^ m ' n ^ 
[A , no, «o] • (AO + m) == (Ao + A)fi + (/x + a*), A, /* G R( m - n >. 

Since the center Z = { [0, 0, k] | k = */c G R( m ' m ) } of ^ n,m) is the sta- 
bilizer of H^' m ^ at the identity element [0,0,0], the homogeneous space 
H^' m) /Z is identified with C( m ' n ) via 

[A, jU, k] • Z i — ► [A, jU, k] ■ = Ail + (i. 

Thus the automorphic factor Js,n,A,B for the lattice L may be lifted to the 
automorphic factor J s ,n,A,B ■ H^ m) x C( m ' n ) — ► C* defined by 

(3-17) j S ,Sl,A,B(go,W) = e ^{S(^*X + 2W*X + n)} . e -nia{S(A « A4 -B«A)} > 

where 50 = [A, /i, rc] G H^' m \ 

We denote by -4s,n be the complex vector space consisting of C-valued 
smooth functions ip on H^'™^ satisfying the following conditions 

(a) <p([£, r,, 0] o 50 ) = f(9o) for all £,,?]£ Z^) and 5o G ^ n ' m) , 

(b) <p(g o [0, 0, k]) = e™^*) ^( 5o ) for all « = *« G R^ m ' m ^ and 

Tr(n,m) 

(c) (£ Xfea - Efc=i ) = for all 1 < A; < m and 1 < a < n. 
Here if X is an element of the Lie algebra of H^' m ^ , 



(^)(9d) = | 



99(50 oexpLY), go £ ^ 

t=o 



(n,m) 



Theorem 3.14. Lei S 1 and O 6e as before. Then the vector space is 
isomorphic to the vector space As,n via the mapping 

f ' — ► <Pf{go) ■= Js,Q,o,o(9o, 0)f(g ■ 0), 

where go G H^' m ^ and f G R$. 

The inverse of the above isomorphism is given by 

V 1 — ► U(W) := Js,n,o,o(go, oy 1 <p(go), <p e *4s,n, 

where W = go • 0. 27ws definition does not depend on the choice of g with 
W = g -0. ~ 
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Proof. For brevity, we write J := Js,Q,o,o- If 7 = 0] € H\ 
£,T]£ Z^ m ' n \ we have for all g £ H^' m) 

V/(7<>5o) =J(jogo, 0)f{(jog ) ■ 0) 

=J( 7 , g ■ 0) J{g , 0) f(g ■ + ^ + rj) 

= J( 7 , ffo • 0) J(<7o, 0) J((£, rj), g ■ O)" 1 f(g ■ 0) 

=J(7,0)/( 50 -0) 

=l ff(go)- 

And if k = */e € M.( m ' m \ we have 

99/(50 o [0, 0, k}) = J{g o [0, 0, k], 0) f({g o [0, 0, «]) • 0) 
= J( 50 , [0,0,K]-0)J([0,0,«],0)/(fld-0) 
= e-^)j( 5o ,0)/( 5o -0) 



(n,m) 



with 



-kct{Sk) 



<Pf(9o)- 



We introduce a system of complex coordinates on C^" 1 '™) with respect to f2 : 
W = \n + //, = Af2 + /x, A, n real. 

We set 



dW 



( dWu dW 12 ... dW ln \ 
dW 21 dW 22 ... dW 2n 



d 
dW 



\dWrnl dW m2 ... dWmn/ 

Then an easy computation yields 



d 


a 


a 


aw 2 i 
a 


8Wi2 


aw 2 2 


d 


a 


dW ln 


aw 2 „ 



d \ 

a 

dWmn 



d O 9 rf 9 

— =VL h 0,^=, 

dX dW dW 

d d d 

77~ = 77777 + 



dn dW dW 
Thus we obtain the following 

d 



(3.18) 



= = - (ImfiT 1 ( -^--sl- 
ow 2 v 1 \dX dfi 



Since / is holomorphic, according to (3.19), / satisfies the conditions 



(3.19) 



d 



dX 



ka 







6=1 



d^kb 



f(W) =0, 1 < k < m, 1 < a < n. 



Conversely, if a smooth function on C^ m, ™- ) satisfies the condition (3.20), it 
is holomorphic. 
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In order to prove that ipf satisfies the condition (c), we first compute 
Cx ka ¥f an d Cg ib <pf for 1 < k,l < m and 1 < a, b < n. If g = [A,/U,k] € 

4 n ' m) and S = (s kl ), 

(p f (goexp tX ka ) 



dt 
d_ 
dt 
d_ 
di 
d_ 
dt 



t=o 



t=o 



t=0 



(p f ([\,H,K] o [tE ka ,0,0]) 

J([\ + tE ka ,n,n], 0) /((A + tE ka )VL + fi) 

e ma{S(X+tE ka )n*(X+tE ka )} ^ia(SK) + tEk ^ + ^ 



t=0 



= ^^+An*A) } | 27r .(^^ s ^ abAab ) + 
On the other hand, 







6=1 1=1 



dX 



ka 



/(WO- 



( £ x ;h V?/)(<?) 



'dt 
d_ 

"dt 
d_ 

"dt 



<Pf(go exp tX, 



lb) 



t=o 



ipf{[\,H,K] o [0,^ 6 ,0]) 



t=0 



<p f {[\, n + tE ib , k + tA'^fefe + tE^X}) 

t=o 

iri a{S(n+\Q *A)} ^ ^^(SA /(A0 + ^ + 
t=0 



= 7rio-{5(K+An*A)} 



2vri j ^ s^Apf, J + 
P =i 



/(WO- 



Thus 



6=1 



3 7rja{5(K+An*A)} I ^ 



9 



9A 



fea 



6=1 



This completes the proof. 



□ 
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4. Induced Representations 

Let G be a locally compact, separable topological group and K be 
a closed subgroup of G. Let a be an irreducible unitary representation of 
K in a separable Hilbert space Ti. Let [i be a G- invariant measure in the 
homogeneous space X := K\G = {Kg \ g G G} of the right if-cosets in G. 
We denote the induced representation of G from a by 

c7 CT := Ind^cr. 

Let H" be the Hilbert space consisting of all functions <p : G — ► H which 
satisfy the following conditions: 

(1) ((f>{g), v)yi is measurable with respect to dg for all v G H. 

(2) 4>{kg) = a{k)(<j){g)) for all k G # and p G G. 

(3) || ^ || 2 = J x || <P{g) || 2 d/x(5)/oo, 5 = Kg, 

where dg is a G-invariant measure on G and ( , )n is an inner product in 
H and || 4>(g) || is the norm in 7i. The inner product ( , ) in H a is given by 

(<k,<h)= f (Mg),Mg))HdKg), <h,<h€H a . 
Jx 

Then U a = Ind£ a is realized in the Hilbert space H a as follows: 

(4.1) (UAgo)<P) (g) = 4>{ggo), g,g eG, <pe n a . 

It is easy to see that TL a is isomorphic to the Hilbert space TL a := L 2 (X, /j,, H) 
of square integrable functions / : X — ► H with values in H via the formula 

(4.2) <f> f (g) = a(k g ) (/(</)) , f£H a ,geG, 

where g = Kg and k g is the iT-component of g in the Mackey decomposition 

g = kgSg. 

We can show easily that U a is realized in H a by 

(4.3) (U a (g )f) (g) = a(k Sg90 ) (f(gg )) , g G G, / G H„ g = Kg G X, 

where k Sggo denotes the ET-component of s g go in the Mackey decomposition 
of s g g . 

If (j is a one-dimensional representation of K, U a is called a monomial 
representation. 

Remark 4.1. It is interesting to find out irreducible closed subspaces of H a 
or TC a invariant under G. 

We recall A, S, Gh, Sk and etc in Section 2. Mackey's method teaches us 
that an irreducible unitary representation of Gh — H^' m ^ is OI the following 
form 

T « : = l ^S^A Xk ■ a{k) = IndJ" d{k) 

or 

T x,y ■= Indf^x* • a(y) = Indf^Xx ■ Hv), 
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where Xx is the character of S defined by x&{l) '■= e 27ri<7 ( x< ^ for I G S. 
Therefore the unitary dual Gr of Gh or H^' m ^ is determined completely 
by 

Type I. £eSym(TO,R), k / 0. 
Type II. (x, y) G M( m ' Tt ) x R( m > n ). 

The representation p G G# of iype I acts nontrivially on the center Z = 
Sym(m,IR) of Gh- On the other hand, the representation p £ Gh of type 
II acts trivially on the center Z of Gh- 



HEISENBERG GROUPS, THETA FUNCTIONS AND THE WEIL REPRESENTATION 23 

5. The Schrodinger Representation 

For two fixed positive integers m and n, we put G := H^'™^ and 

(5.1) K- {(0,/i,«) g G \ neR {m ' n \ k= ' K el (m ' m) }. 

We note that K = A (cf. Section 2, (2.4)) and that K is a closed, commu- 
tative normal subgroup of G. Since (A, fi, k) = (0, /i, k + fi *A) o (A, 0, 0) for 
(A,[i,k) G G, the homogeneous space X := K\G is identified with R( m ' n ) 
via 

Kg = K o (A, 0, 0) i — >A, g = (X, (i, k) e G. 
We observe that G acts on X by 

(5.2) (Kg)-g = K(X + X ,0,0)=X + X , 

where g = (A, fi,n) £ G and go = (Ao, A*0) K o) £ G. 
If g = (A, /i, k) G G, we have 

(5.3) fc fl = (0,/i,K + /i*\), s fl = (A,0,0) 

in the Mackey decomposition of g = k g o Thus if go = (Aoj/^Oj^o) £ G, 
then we have 

(5.4) s g o go = (A, 0,0) o (A ,/io,K ) = (A + A ,/x ,ko + A^o) 
and so 

(5.5) hgogo = (0, no, K + % + A */io + /«o *A). 

For a real symmetric matrix c = *c G R( m ' m ) with c / 0, we consider the 
one-dimensional unitary representation a c of K defined by 

(5.6) a c ((0, /x, «)) := e 2 ™^ /, (0, fi, k) G 

where / denotes the identity mapping. Then the induced representation 
U Cc := Ind^ cj c of G induced from a c is realized in the Hilbert space H Gc = 
L 2 {X,dg,C) = L 2 (M.^ n \di) as follows. If g = (A ,/x ,k ) G G and 
x = i\T<7 G X with 5 = (A, /x, k) G G, then according to (4.3), we have 

(5.7) (Ua c (9o)f)(x) = a c {k Sg0go )(f(xg )), f 
It follows from (5.5) that 

(5.8) (U ac (g )f) (A) = e 2— W-o+mo%+2AVo)} /(A + Aq) . 

Here we identified x = Kg (resp. xgo = Kggo) with A (resp. A + Ao). The 
induced representation U„ c is called the Schrodinger representation of G 
associated with a c . U ac is a monomial representation. 

In the previous section, we denoted by Ti Cc the Hilbert space consisting 
of all functions <p : G — ► C which satisfy the following conditions: 

(1) 4>{g) is measurable with respect to dg. 

(2) <P ((0, h, k) o g)) = e 2ni ^ CK U{g) for all g G G. 

(3) U\\ 2 :=f x \ ( f > (g)\ 2 dgl (X) , g = Kg, 
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where dg (resp. dg) is a G-invariant measure on G (resp.AT = K\G). The 
inner product ( , ) on TC ac is given by 



Mg)Ma)dg, <f> u fa g n ac . 

G 



We observe that H Gc = L 2 (R( m > n \ d£) and that the mapping $ c : H ac — > 
H ac defined by 

(5.9) (* c (/)) (g) := <f> f (g) := J™{<^%) /(A) 

(/ € W CTc , g = (A, /i, ft) € G) is an isomorphism of Hilbert spaces. The 
inverse ^ c : Tt ac — > 7i ac of $ c is given by 

(5.10) (^ C (0))(A):=/ (A):=^((A,O,O)), ^7f«, A€RM, 
From now on, for brevity we put 

U c = U ac , H c = H (7c and H c = H ac . 
The Schrodinger representation U c of G on W c is given by 

(5.11) (U c (g )d>) (g) = e 2™WM)+ W ) t A o +AVo-AoV)} 0((Ao)O;O) g) , 

where go = (Ao, ^o, no), g = (A,/i, k) E G and <p G W c . (5.11) can be 
expressed as follows. 

(5.12) {U c (g Q )<j>) (g) = e 2^{c(«o+«+/« %+^a+2A Vo)} 0(( Aq + A, 0,0)). 

Theorem 5.1. Lei c be a positive symmetric half-integral matrix of degree 
m. Then the Schrodinger representation U c of G is irreducible. 

Proof. The proof can be found in [42J, Theorem 3. □ 

We let dU c be the infinitesimal representation associated to the Schrodinger 
representation U c . If X is an element of the Lie algebra of G, then 



dU c (X)f = ± 



?7 c (exp tX)f, f£H c or H c 

t=o 



We fix an element O G H n once and for all. We let c be a positive symmetric 
real matrix of degree m. For each J G Z^' n ^ , we put 

(5.13) / c ,j(0 := e 2nia ^ Qt ^ £ J , £ G 

Then the set | f C)J \ J G Z^' n) } forms a basis of L 2 (lR( m < n ), d£) W c . 
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Proposition 5.2. Let c = (c k i) be a positive symmetric real matrix of degree 
m. For each J G Z^ l ' n ' ) we have 

(5.14) dU c (D° kl )f CjJ (0 = 2vri c kl f CjJ (0, 1 < k < I < m, 

m n 

(5.15) dU c {D ka )f C! j(0 =4mJ2Y, c ^abfc 

1=1 b=l 

m 

(5.16) dU c (D lb )f c ,j(0 = Airi^ c lp f c ,j +epb (0- 

P =i 

Here 1 < k, I < m and 1 < a, b < n. 

Proof. We put E9, = \{E kl + E lk ), where 1 < k, I < m. 



dU^fcAO = ± 

- fL 

~ ~dt 



t=o 



U c (exp tX° kl )f c>J (0 
^((0,0,^))^) 



t=o 



2ma(tcE°) _ j 

limf _ lf cJ (0 

t->o t ^,jvs; 

2iritc kl _ j 

li m 1 -fcj(0 



= 27ric k i f c ,j(0- 



dU c (D ka )f cJ (0 = j t 



t=o 



d_ 
di 
d_ 

di 



[7 c (exp tX ka )f CiJ {£) 
U c ((tE ka ,0,0))fc,AO 



t=o 



e 27ri C T{c(e+tB fca )n t (?+tBfca)} (£ + tE ka ) J 

t=0 

m n 

4lTi Y C kl^abfc,J+e lb (0 + Jka fc,J-e ka (0- 



Finally, 



i=i b=i 



d 



dU c (D lb )f c ,j(0 = - 



t=o 



C/ C (exp tX lb )fc,j{0 
U c ((0,tE lb ,0))f CjJ (0 



d_ 

t=o 

lim 1 / 

m 

AiriY^ ci p f C)J+epb (£). 

p=l 



□ 
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For each J G Z^' n \ we put 

(5.17) <Pc,j(9) = e 2m(T{c(K ^ tX)} f c ,jW, 

where g = (A, fi, k) G G. Then the set { c/) C; j \ J G Z^' n ^ } is a basis of H c . 
Proposition 5.3. For each J G Z^' n ^ and <7 = (A, /[/, re) G G, we Ziaue 

(5.18) dl/ c (Z>jj,) <M<?) = 2vri Cfc , CjJ ( 5 ), 1 < k < I < m, 

m n 

(5.19) dU c (D ka )(f) C: j(g) = 4iri ^ ^ c fe / ft a 6 </>c,J+e ;b (5) + <4 a (f) c ,J-e ka (g), 

1=1 b=i 

m 

(5.20) dU c (U lb )4> C:J (g) = 2iriJ2 ci P <f> c ,J + e pb (g)- 

P =i 

Here 1 < k, I < m and 1 < a, 6 < n. 

Proof. We put E kl = \(E k i + -E/fc), where 1 < k, I < m. Then we have 

d 



dU c (D° kl )ct> c ,j(g) 



dt 
d_ 

dt 



C/ C (exp tX u kl )^j(g) 



t=o 



lim 



U c ({0,0,tE^))(f> Ct j(g) 

■c,j(g) 



t=0 



And we have 
dU c (D ka )cf) Ct j(g) = — 

- £ 
~ dt 

d_ 

~ di 

~ dt 



= 2mc k i <p c ,j{g)- 



U c (exp tX ka )(f) c ,j(g) 



U c ({tE ka ,0,0))<p c> j(g) 



t=0 



e -2nitcr(cE ka t fi) _ g 27ri o-{c(K+t£ , fca V+A* 'A+t^i t E ka )} 



t=0 



^niaiciX+tE^nHX+tE^)} ^ + t E ka ) J 



e 27rio-{c(K+^'A+An t A)} 



e 4mt aicXn* E ka )+2iTit 2 aicEkan* E ka ) ^ _|_ fE^y 



t=0 

m n 



47Ti J212 C kl^ab(t>c,.J+e lb {g) + J ka ^c,J-e ka (g)- 
1=1 6=1 
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Finally, 



d 



dU s (<j c )<f> C; j(g) = — 



£/ c (exp tX lh )cf) c j(g) 



t=o 



U c {{^tE lh ,Q))<t> Ci j{g) 



t=Q 



= lim 



t=o 

e 2irit(J2™=i c ip x pb) _ j 



(<?) 



2m ^2 °ip X pb <Pc,j(g) 



P =i 



= 2m ci P 4>c,j+e pb (g)- 

p=l 
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6. Fock Representations 

We consider the vector space V^ m ' n ^ := x R( m < n ). We put 

(6-1) P ka = (E ka ,0), Q lb = {0,E lb ), 

where 1 < k, I < m and 1 < a, b < n. Then the set {P ka , Qka} forms a basis 
for We define the alternating bilinear form A : T/( m > re ) x T/( m >") — ► R 

by 

(6.2) A((A ,Aio),(A,M)) = ^AoV-M t A), (A , // ), (A, m) G ^ (m,n) - 
Then we have 

(6.3) A(P fea , P i6 ) = A(Q fca , Q i6 ) = 0, A(P fca , Q i6 ) = <U <5 W , 

where 1 < k,l < m and 1 < a, b < n. Any element v G V r ^ m,ra - ) can be written 
uniquely as 

(6.4) „ = ]T 

%kaPka ~t" 
k,a l,b 

From now on, for brevity, we write V := W m ' n ) and t> = xP + yQ instead of 

(6.4) . Then it is easy to see that the endomorphism J : V — ► V defined by 

(6.5) J(xP + yQ) := -yP + xQ, xP + yQeV 

is a complex structure on V which is compatible with the alternating bilinear 
form A. This means that J is an endomorphism of V satisfying the following 
conditions: 

(Jl) J 2 = -I on V. 

(J2) A(Jv , Jv) = A(vq,v) for all vo,v G V. 
(J3) A(v, Jv) > for all v G V with v / 0. 

Now we let Vc = V^ + i V be the complexification of V, where i = \J — 1. 
For an element u; = «i + z «2 G Vc with v\, V2 G V, we put 

(6.6) w := vi — i V2- 

Let Ac be the complex bilinear form on Vc extending A and let Jc be the 
complex linear map of Vc extending J. Since = —I, Jc has the only eigen- 
values ±i. We denote by V + (resp. V~) the eigenspace of Vc corresponding 
to the eigenvalues % (resp. —%). Thus Vc = V + + V~ . Since 

Jc(Pka±iQka) = =R (Pka±iQka), 

we have 

(6.7) ^ = ^C(F fa -iQ, a ), V- = Y,^(Pka + iQka). 

k,a k,a 

Let 

(6.8) V*:=^2CP ka , l<k<m, l<a<n 

k,a 
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be the subspace of Vc as a C-vector space. It is easy to see that V* is 
isomorphic to V as M-vector spaces via the isomorphism T : V — ► V* 
defined by 

(6.9) T(P ka ) = P ka , T(Q lb ) = iP lb . 

We define the complex linear map J* : 14 — ► 14 by J*(P ka ) = iPka for 
1 < < m, 1 < a < n. Then J* is compatible with J, that is, To J = J*oT. 
It is easily seen that there exists a unique hermitian form H on 14 with 
Im H = A. Indeed, H is given by 

(6.10) H(v,w) = A(v, J*w) + % A(v,w), v,weV*. 

For v = J2k,a z kaPka G 14 with z ka = x ka + iy fca (x ka , Vka G R), for brevity 
we write t> = zP. For two elements w = zP and u' = z'P in 14, H(f,t/) = 

£k,a W<3 ° bserVe that 

For to = + z 1 ^ G Vc, we put 

w = w + + w~ , w + := z + (P — iQ), w~ := z~ (P + i Q) . 
The relations among z°, z 1 , z + , z~ are given by 

(6.11) z ± = ^(z° ±iz 1 ), z° = z + + z-, z 1 = i{z--z + ). 
Precisely, (6.11) implies that 

where 1 < k < m and 1 < a < n. It is easy to see that 

(6.12) A C (W-,W+) = -^Z- ka zt = - l -J2{( Z kaf + (4a) 2 } ■ 

k,a k,a 

Let 

G c := {(z°,z\a) \ z ^ 1 eC, a e C^ m ' m \ a + z 1 t z° symmetric } 

be the complexification of the real Heisenberg group G := H^ m \ Anal- 
ogously in the real case, the multiplication on Gc is given by (2.1). If 
w = Z °P + z 1 Q := 'Ek,a4a p ka + T,i,b z lbQib, we identify z®,z l with the 
m x n matrices respectively : 



z° : = 


/ 7° 
f Z ll 

7° 
z 21 


7° 
z 12 

7° 


7° \ 

■ z ln 

7° 

■ z 2n 


, zl : = 


(4i 

7 1 
z 21 


z 12 

7 1 
z 22 


■ z ln ^ 

■ z 2n 




\ Z ml 


7° 

z m2 ■ 


Z° i 
mn / 




\ Z ml 


Z m2 ■ 


Z 1 j 
mn/ 
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That is, we identify w = z°P + z 1 Q G V c with (z°, z 1 ) G C^" 1 '™) x & m > n \ If 
u, = z °p + Z 1 Q, w = z°P + z l Q G Vc, then 

(6.13) (w,a)o(w,a) = (w + w,a + a + z ot z 1 -z lt z°), a,aGC (m ' m) . 
From now on, for brevity we put 

(6.14) R + :=P-iQ, R':=P + iQ. 

If w = z + R + + z~R~ , u> = i + P + + z~R~ G Vc, by an easy computation, 
we have 

(6.15) (w,a) o (w,a) = (w, a + a + 2i (z + l z~ -z~*z + )) 
with 

w = (z + + z + )R + + (z~ + z~)R~. 
Here we identified z + , z~ with m x n matrices 



z + : = 


(4i 

z + 

Z 21 


Z 12 ■ 

z + 


■ z tn ^ 

■ Z 2n 






( z u 

Z 2\ 


Z 12 
Z 22 


■ Z ln\ 

■ Z 2n 




\4i 


z + 

z m2 ■ 


z mnJ 






\ z ml 


Z m2 ■ 


z mn/ 



It is easy to see that 

(6.16) P c := { (uT, a) G G c \ w~ G V~ , a G C (m ' m) } 
is a commutative subgroup of Gc and 

<-■'•/': 2. G c = GoP c , 

where Z := { (0, 0, k) G G | k = *k G R( m > m ) } Sym(m, R) is the center of 
G. Moreover, 

(6.17) Pc\G c = V + M (m ' Tt) x R( m ' n ) Z\G. 

For c = *c G Sym(m,M) with c > 0, we let <5 C : Pc — ► C x be a quasi- 
character of Pc defined by 

(6.18) 8 c ((w-,a)) = e 2 ™M („r,a) G P c . 
Let 

U F ' C = Ind£ c S c 

be the representation of Gc induced from a quasi-character S c of Pc- Then 
jjF,c j g rea li zec l i n the Hilbert space 7i F ' c consisting of all holomorphic func- 
tions ip : Gc — ► C satisfying the following conditions: 

(Fl) ij({w-,a) og) = 6 c {(w- ,a))il>(g) = e 27via ^ ip(g) for all (w~,a) G 

Pc 

and g G Gc- 

(F2) f^ G \i,(g)fdgloc. 
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The inner product ( , )f,c on 7~C F,C is given by 

{^i,tp2)F,c-= i>i(g)i>2{9)dg, ipi,ip2 G H F ' C , g = Zg. 
Jz\g 

jjF,c j g rea ij zec j ^ ifaQ r ight regular representation of Gc on 7i F ' c : 

(6.19) {U F > c (goW) (g) = Hggo), Y> G H F > C , g ,g G G c . 

Now we will show that U F,C is realized as a representation of G in the Fock 
space. The Fock space TCf,c is the Hilbert space consisting of all holomorphic 
functions / : C( m > n ) ^ — ► c satisfying the condition 

|| / |||, = f \f( W )\ 2 e -**<T(cW*W) dwloQ 

J£( m , n ) 

The inner product ( , )f, c on TLf,c is given by 

(/i,/ 2 )f )C = / /i(lf)M^ 2w(crf) ^, /i,/ 2 e%. 

U /C( m >") 

Lemma 6.1. T/ie mapping A : H FjC — ► W F ' C , A f : = A(/)(/ G W F)C ) 
defined by 

(6.20) A / ((z°P + z 1 Q,a)) = e 2 " a W a + 2iz " '* + » /(2z+) 

is an isometry of Hf,c onto 7i F,c , where 2z ± = z° ± i z 1 (cf. (6.11)). The 
inverse A : 7i F,c — ► Hf )C , Ay, := A(V>) (^ G W F ' C ) is given by 

(6.21) A^(W) = il> (^WR+j , W G C (m ' n) , 
where R ± = P^iQ (cf. (6.14)). 

Proof. First we observe that for w = z°P + z 1 Q = z + R + + z~R~ G Vc, 

(w,a) = (z-R-,a + 2iz- t z + ) o (z + R + ,0). 
Thus if V> € H F ' C and w = z°P + z x Q = z + R+ + z~iT , by (Fl), 

(6.22) ip((w,a)) =e 2nia{cia + 2iz ~ tz+)} 4;{(z + R + ,0)). 
Let W = x + i y G C^" 1 '™) with x, y G R( m ' n ). Then 

xP + yQ = z + R + + z~R~, 2z ± = x±iy. 
So z" *z+ = i W l W. According to (6.22), if ip G W F ' C , we have 

V>((xP + yQ,0)) = e- 7r<T ( cH/tW )v(Q^ + ,0^ . 

Thus we get 

/ /-, \ \ 2 

|V((xP + yQ,0))| 2 = e -***{cw*w) 
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Therefore 



\i/>(g)\dg = f e- 27T(7( - cWtw ^\A^W)\ 2 dW <oo. 



I Z\G JC( m '") 

It is easy to see that A is the inverse of A. Hence we obtain the desired 
results. □ 

Lemma 6.2. The representation U F,C is realized as a representation of G 
in the Fock space Hf,c o,s follows. If g = (XP + fiQ, k) = (A, /U, n) G G and 
f G Hf,c, then 

(6.23) {U F ' c {g)f) (W) = e ^ i(T(cK) e -^^(C*C + 2 w*c)} f( W + q 

where W G C {m <^ and ( = A + i /i. 

Proof. 

(U F > c (g)f) (W) = (A(U F > c (g)(A f ))) (W) 

= (U F > c (g)(A f )) ( l -WR + \ 



=A/ (Q w/i?+ '°)° 5 ) 

= A / (Qw,~W,o)o(A, M ,«)) 

= e 2*i<r{c(K + i w'C + fCW + fC'C)} f(w + Q (**) 

= e 27Tia(c K ) . e - 7ro -{>1(C t C + ^ t C)} + ^ 

where £ = A + i/i. In (**), we used (6.20) and the facts that 2iz~ l z + = 
^(WX+WW) and 2z+ = W + (. □ 

Definition 6.3. The induced representation U F ' C of G in the Fock space 
H.F,c is called the Fock representation of G. 

Let W = U + iV G C^" 1 '") with U,V £ R (m > n \ UU= (u ka ), V = (v tb ) are 
coordinates in C( m ' n ), we put 

df/ = duudu\2 ■ ■ ■ du mn , dV = dvudvu • • • dv mn 

and dW = dlldV. And we set 

(6.24) dn{W) = e^ a(w W ) dW. 

Let / be a holomorphic function on C (m ' n ). Then f(W) has the Taylor 
expansion 

f(z)= a J w ' J > W = (w ka )ed m > n \ 
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where J = (J ka ) G J G Z^' n) and VF J := wfrwfg 



We set |VF|oo := max^ >o (|i0fca|)- Then by an easy computation, we have 
/ \f(W)\ 2 d»(W) = lim / |/(W)| 2 ^(W) 



lim V a jaF f W J W K 



where J runs over J G Z >0 



(m,n) 



Let W min be the Hilbert space consisting of all holomorphic functions 
/ : C( m,ri ) — ► C satisfying the condition 

(6.25) ll/H 2 =/ |/W| 2 dM^)<oo. 

The inner product ( , ) on TL rntn is given by 

(/i,/ 2 )=/ /i(w)POW. /i./^V 

Thus we have 

Lemma 6.4. Lei / G H m , n and let f(W) = J2j ajW J be the Taylor ex- 
pansion of f . Then 



J€Z >0 



(m,n) 



For each J E Z^ , we define the holomorphic function $j(Ty) on C^ m,n ^ 

by 

(6.26) $j(W) := (J!)"5 (ttw) J , VFGC (m ' n) . 
Then 

(6.27) (*j,$a:) 



1 if J = if 
otherwise. 



It is easy to see that the set | $>j | J G Z>^' n ^ | forms a complete orthonor- 

mal system in Ti m ,n- By the Schwarz inequality, for any / G H m , n , we 
have 

(6.28) < e^ a(wW) H/ll, VFGC (m ' n) . 

Consequently, the norm convergence in H mira implies the uniform conver- 
gence on any bounded subset of C^ m ' n \ We observe that for a fixed W' G 
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C( m ' n ), the holomorphic function W — ► e na(W t W) admits the following 
Taylor expansion 

(6.29) e ™{W*W) = ^j{W)^j{W 1 ). 
From (6.29), we obtain 

(6.30) <S>j(W) = (Jl)-^ [ e ™(,w*W) f^wY dn(W). 
Thus if / € H m ,n, we get 



/(WO, e* 



riWW 7 



7) ) = (/»E*j( w, )*j(-)^ 



= f(W). 

Hence e wa ( w ^) is the reproducing kernel for TL m ,n in the sense that for any 

/ G 7~(-m,ni 

(6.31) f(W)= f e ™{WW) f(w')dfi(W). 

j£(m,n) 

We set 

(6.32) K(W,W'):=e Ka ^ wtW7 \ W, W G C^ m ' n \ 



Obviously k(W, W) = n(W, W). (6.31) may be written as 

(6.33) f(W)= [ K (W,W')f(W')dn(W'), feH m ,n. 

Let M be a positive definite, symmetric half-integral matrix of degree m. 
We define the measure 

(6.34) dn M (W) = e' 27T a{ - MW ^ dW. 

We recall the Fock space Hf,m consisting of all holomorphic functions / : 
c (m,n) — , c that satis f y t h e condition 

(6.35) \\ff M := \\f\\ F , M := [ \f(W)\ 2 d^ M (W) < oo. 
The inner product ( , )m := ( , )f,m on ^f,m is given by 

{h,h) M = I fi(W)h(W)d^ M (W), h,f 2 G Hfm- 
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Lemma 6.5. Let f G H f ,m and let g(W) = f {{2M)~^W^ be the holo- 
morphic function on C^ m ' n \ We let 

g(W)= a M,jW J 

be the Taylor expansion of g(W). Then we have 

\\f\\ 2 M = (f,f) M = 2- n (detMr n Yl l«A4,j| 2 ^ |J| J!- 

Proof. Let A^2 be the unique positive definite symmetric matrix of degree 
m such that (m^ = M. We put W := V2M^W. Obviousiy dW = 
2 n (detM) n dW. Thus for / eH F ,M' we have 

(fJ)M= I \f(W)\ 2 d» M (W) 

= 2- n (detM)~ n [ \g(W)\ 2 dn(W) 

= 2- n (detMy n Yl |aA4,j| 2 vr~ |J| J! (by Lemma 6.4) 

(m,nj 

□ 



JGZ >0 



For each J G , we put 

(6.36) $mA W ) ■= 2t (detM)t (J!)-^(2vr7W)^) J , W € C^ m ' n \ 

Lemma 6.6. The set | $m,J \ J £ Z>^' n ^ | is a complete orthonormal sys- 
tem in TLf,m- 

Proof. For J, K G "L^ n \ we have 

($M,J,<S>M,K) M = 2 n (detMr(J\rHK\)- 1 2 

x[ ((2irM)^wY ((2ttM)^W) K d/i M (W) 

= (J\)-*(K\)-* f (ir^W) J (tt^W) k d(i(W) 

j£(m,n) 

By (6.27), we have 



1 if J = K 
otherwise. 



(6.37) {*M,J,*M,k)m 
We leave the proof of the completeness to the reader. □ 
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We observe that for a fixed W' G C^ m,n \ the holomorphic function W — ► 
e **(MW*W') admits the following Taylor expansion 

(6.38) e **(MW*W) = J- &m,j( W ) ^MjiW 7 ). 

If / G 'Hf,Mi we have 

ff(W),e^ MWtW7 A = Yl (f,*M,j)M*M,j(W) 

= f(W). 

Hence e 7Tcr (^ /lwtw ') [ s the reproducing kernel for Hf,m i n the sense that 

(6.39) f(W)= f f{W')e-"< MwtWI U^ M {W). 

j£{m,n) 

For U G R( m '") and W G C (m ' n \ we put 

(6.40) k(U, W) :=e ^-(-u*u + iwW + 2iUW)_ 

Then we have the following lemma. 
Lemma 6.7. 

/ k(U, W) k(U, W) dU = e 2 ™(w W)_ 

7]g(m,n) 

Proof. We put 

1(W,W'):=[ k(U, W) k(U, W) dU. 

Then we have 

T(W,W') = e na( - WtW+W7t ^ f e -47rcr(C/ i (7) ^niaiU^W-W 7 )} ^jj 

JM.(m,n) 

= e K*{W*W+WtW) . TT /" e -47r{«2 a -»fca(«' fca -^L)} rfnfea) 
fc,a 

where = (w fca ), W' = (u^J G C( m ' n ) and [7 = (u fco ) G R( m ' n ). It is easy 
to show that 

Thus we get 

1(W,W) = e^^w'w+W'W) . g-^Efc.J^a-^D 2 

□ 
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For U G M (m ' n) and W G C^ m ' n \ we put 

(6.41) k M (U,W) := e 2™{M(-UtU-±wW+2UHv)}^ 

Lemma 6.8. Let M. be a positive definite, symmetric half-integral matrix 
of degree m. Then we have 

(6.42) k M (U,W) = k(M^U, -iM*W) 
and 

(6.43) f k M (U,W)k M (U,W')dU = (detX)-f • e 2 ^ MWtW \ 

JlR( m . n ) 

Proof. The formula (6.42) follows immediately from a straightforward com- 
putation. We put 

I M (W,W'):= I k M (U,W)k M (U,W')dU. 

JHt(rn,n) 

Using (6.42), we have 

1 M (W,W') = [ k(M^U, -iM*w) k(M^U,-iM^W')dU 

= (detM)~t f k(u,-iM^w) k(u,-iM^W')dU 
= {detM)-% ■ e 2 ™( MWtw? ) (by Lemma 6.7) 

□ 

We recall that the Fock representation U F,M of the real Heisenberg group 
G in 

Hf,m( c £- (6-23)) is given by 

(6.44) (U F ' M (g)f) (W) = e 2m ^ M ^ ■ e -™{M{CC + 2WK)} f{yv + ^ 

where g = (\,h,k) € G, f € H F ,M and ( = A + i^G £^ m ' n \ 

Lemma 6.9. The Fock representation U F ' M of G in TLf,m ^ unitary. 

Proof. For brevity, we put U g j(W) := (U F ' M {g)f) (W) for g = (A, n, k) G G 
and / G Hf,m- Then we have 

( U 9,f> U 9,f)M = \\Ug,f\\ 2 M 



U 9j (W)U gJ (W)dv M (W) 



= f e -na{M(( t ( + 2W t t + tX + 2W t W + 2W t W)} \f(W + C)\ 2 (W 

Jc(m,n) 

= [ \f{W)\ 2 d^ M {W) 



= (f,f)M = \\f\\ 2 M . 



38 



JAE-HYUN YANG 



□ 

We recall that the Schrodinger representation JJ S,,M := U ajvl of the real 
Heisenberg group G in the Hilbert space H S ,M = L 2 (lR( m ' n ), d£) (cf. (5.8)) 
is given by 

(6.45) (U S ' M (g)f) (0 = e ^^{M(n + ^\ + 2^)} f ^ + A)) 

where g = (\,h,k) € G, f € H S ,M and £ G R( m ' n ). f/ 5 '^ is called the 
Schrodinger representation of G of index M. The inner product ( , )5 ) » on 
Hs,M is given by 

Cfi, / 2 )s,A< = / A(U)h(U)dU, h,f 2 G W^. 

And we define the norm || \\s,M on ~Hs,M by 

11/111,^= / l/(^)l 2 ^, 

Theorem 6.10. The Fock representation (U F ' M ,TLf,m) of G is untarily 
equivalent to the Schrodinger representation (C/ 5 '-^, TLs.m) °f G of index 
M. . Therefore the Fock representation U F ' is irreducible. The intertwining 
unitary isometry Im '■ 7~Ls,M — * 7i F,M is given by 

(6.46) (l M f)(W)= [ k M (Z,W)f{Qdt, 

where f G H S , M = L 2 (R( m > n \ d£) , W G C( m ' n ) and k M (£, W) is a function 
on M( m '™) x C( m -") defined by (6. 41). 

Proof. For any / G H S , M = L 2 (R( m >™), d£) , we define 

(i M f)(W)=f k M {Z,w)f(t)dt, WecM. 

Now we will show the following (II), (12) and (13): (II) The image of Hs,m 
under Ij^ is contained in Hf,m- 

(12) I M preserves the norms, i.e., ||/||s,A4 = WImJWm- 

(13) Im is a bijective operator of TCs,m onto TLf,m- 

Before we prove (II), (12) and (13), we prove the following lemma. 

Lemma 6.11. For a fixed U G M^ m ' n \ we consider the Taylor expansion 

(6.47) k M (U,W)= hj(U)<S> M ,j(W), WeC^ 

of the holomorphic function kjn(U, ■ ) on C^ m,n \ Then the set j hj | J G 
forms a complete orthonormal system in L 2 (R( m ' n \ d£) . Moreover, for a 
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fixed W £ £,( m < n \ (6.47) is the Fourier expansion of kj^i' ,W) with respect 
to this orthonormal system { 

Proof. Following Igusa [2], pp. 33-34, we can prove it. The detail will be 
left to the reader. □ 

If / 6 7~Cs,Mi then by the Schwarz inequality and Lemma 6.8, (6.43), we 
have 

I {I M f){W)\ < ( I \k M (U,W)\ 2 duY ■ ( [ \f(U)\ 2 duY 
= (detA<)-* -e^^WfWsM- 

Thus the above integral {Ijvif)(W) converges uniformly on any compact sub- 
set of C( m ' n ) and hence {lMf)(W) ls holomorphic in C^ m ' n \ And according 
to Lemma 6.11, we get 

(I M f)(W)= V / hj(U)f(U)^ M ,j(W)dU 

)s,M ®M,j(W). 



„(m,n) 



Therefore we get 



\lMff F ,M= [ \lMf{W)\ 2 d^ M {W) 

£ (hj,f)s M -(h K ,f) [ $m,j(W) $M,K(W)dtx M (W) 



J,K£Z >0 



£ \{h 3 J)sM\ 2 (by (6.37)) 

2 



7 (m,n) 



< oo. 



This proves (II) and (12). It is easy to see that Im^j = <&m,J f° r an J £ 
^^m,n)^ gj nce se ^ | (J)^ ^ | J g 2^' n ^ | forms a complete orthonormal 
system of TCf,M' is surjective. Obviously the injectivity of Im follows 
immediately from the fact that Im^J = ®M J f°r au <7 £ Z>^ . This proves 
(13). 
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On the other hand, we let / G Ti-s,M an d g = (A, fi, k) £ G. We put 
C = A + % ji. Then we get 

{U F ' M (g)(I M f)) (W) 

= e 2nia(MK) . e -^^(C t f + 2W*c")}(j_ M /)(vK + C) (by (6.44)) 

= e 2ni,(Mn) . e -^{M((*C + 2W*0} f ^ + Q /([/) rftf 

ill™'") 

We define the function : R 1 -" 1 ^ x R( m > n ) — > C by 
(6.48) A M {U,W):=a{M\-U t U — + 2U t W 



2 

Obviously k m (U, W) = e 2vA ^ U ' W ^ for U G R( m ' n ) and G C( m ' n ). 
By an easy computation, we get 



A M (U,W+()-A M (U-\,W) = a!^M \^- + W%-i\ t ix + 2iU% 
Therefore we get 

k M (u,w + o 

= e 2wA M (U-X,W) . e 27ra{M(^( t ( + W t C-i\ t f l + 2iU t lM)} 

= k M (U - A, W) • e 2-{-^(K t C + ^^AV + 2^V)}. 
Hence we have 

{U F > M (g)(I M f)) (W) 

= [ e 2ma i M(K + 2U ^- x ^} k M {U - X,W) f(U)dU 

Jjj(m,n) 

= / e 2nia{M(K + 2X^ + 2U^-X^)} k M (U,W)f(U + X)dU 

7r(™.«) 

= / e 2Ki<r{M(K + 2U*» + \%)} k M (U,W)f(U + X)dU 

J]g(m,n) 

= / k M (U,W) (U s > M (g)f) (U)dU (by (6.45)) 

JR(™.») 

= (^(t/ 5 '- M (5)/))(W). 

So far we proved that U F ' M o I M = I M o U s > M (g) for all g £ G. That is, 
the unitary isometry I^i of TCs,M onto TLf,m is the intertwining operator. 
This completes the proof. 

□ 

The infinitesimal representation dU F,M associated to the Fock represen- 
tation JJ F ' M is given as follows. 

Proposition 6.12. Let M be as before. We put 

M = (M M ), (27rM)2 = ( m ), 
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where T k \ £ M. and 1 < k, I < m. For each J = (J ka ) £ and W = 

(W ka ) e C (m > n \ we have 

(6.49) dU F ' M (D kl )<S> Mi j(W) = 27riM kl <Z> M AW), 1 < k < I < m. 



dU F ' M (D ka )<S> MtJ (W) = -2ir J2 M P kW P* *M,j(W) 



(6.50) 



p=i 



+ Yl T pkJpa$M,J-e pa (W). 
p=l 



^^(A^x.jCW) = 2vri M pi W p6 $m,j(W) 

(6.51) V p=1 / 

m j 
+ *X1 T pl J pb®M,J-e lb {W). 
p=l 

Proo/. We put E° kl = \{E U + E lk ), where 1 < k < I < m. 



dU F > M (D° kl ) * M ,j{W) = ±\ U F > M (ex P tX° kl ) <5> M ,j(W) 

ai \t=o 



U F > M ((0,0,«&)) *m,j(W) 



t=o 



d_ 

It 



e 2ni*(tME° kl ) _j 

lim $m,j(W) 



D 2nitM 



lim 



kl _ J 



*M,J(W) 



= 27riM H $m,j(W). 
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And we have 
tFMi 



dU^ Jvl (D ka )^ M ,j(W) 



d 




~ It 


t= 


_ d 




~ dt 


t= 


d 




~ dt 


t= 


= -2vr 



U F > M (exp tX ka )<S> M ,j(W) 
U F ' M ((tE ka ,0,0))*MAW) 



+ 



dt 



P =i 

<S>M,AW + tE ka ) 



t=o 



Finally, 



-2tt \ J2M pk W pa j $mA w ) 

m 

+ Yl T pkJpa$M,J-e pa ( W )- 
p=l 



U FM (exp tXi b )<Z> M ,j(W) 
U F ' M ((0,tE lb ,0))^ M ,j(W) 



d 




dt 


t=o 


d 




lit 


t=o 


d 




dt 




2m j 




d 


+ 




di 


2m j 



e -rt? a(ME lb *E lb ) + 2mt a(MW *E lb ) $ ( W + { tE ^ 



p=l 

t=0 
rn 



<S>M,j{W + itE lb ) 



P =i 

m 1 
+ i TplJ; b ®M,J-e pb {W). 
p=l 



□ 
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7. Lattice Representations 

Let L := Z( m ' n ) x Z^ m ' n ^ be the lattice in the vector space V = C^ m ' n \ 
Let B be an alternating bilinear form on V such that B(L,L) C Z, that is, 
Z-valued on L x L. The dual L* B of L with respect to B is defined by 

L* B ■= { v G V | B(v, L) eZ for all I G L} . 

Then L C L* B . If B is nondegenerate, L* B is also a lattice in V, called 
the dual lattice of L. In case B is nondegenerate, there exist a Z-basis 
{61,62,- •• , Cmn> Vli, V12, ■■ ■ ,Vmn} of L and a set {en,ei 2 , , e m „ } of 
positive integers with eu\e%2, ei2|ei3, • • • ,e m)n _i|e mn such that 

(Bfckaifa) B(£ ka , Vlb )\ = / e\ 
\B(r]ka,£,ib) B(r] ka ,r] lb J \-e OJ ' 

where 1 < A;, Z < m, 1 < a, 6 < n and e := diag (en, ei2, • • ■ , e mn ) is the 
diagonal matrix of degree mn with entries en, ei2, • • • , e mn . It is well known 
that [L* B : L] = (dete) 2 = (e u ei 2 • • • e mn ) 2 (cf. [14J p. 72). The number 
det e is called the Pfaffian of -B. 

Now we consider the following subgroups of G: 

(7.1) T L = { (A, k) € G | (A, m) e X, kg R( m ' m ) } 
and 

(7.2) T l * b = { (A,/x, «) G G | (A, M ) e Lb, « G K (m,w) } • 
Then both Tl and are the normal subgroups of G. 

We put 

(7.3) Z = { (0, 0, k) G Z I k = */c G Z( m ' m ) integral } . 
It is easy to show that 

= { 9 e G I 579 _1 7 _1 e Z for all 7 G T L } . 

We define 

(7.4) Y L = { (/) G Horn (r L , C x x ) | is trivial on Z } 
and 

(7.5) Yl, 5 = { ^ G Y L | 0(/s) = e 2 ^( SK ) for all k = *k G M (m ' m) } 

for each symmetric real matrix S of degree m. We observe that if S is not 
half-integral, then Yl = and so Yl,s = 0- It is clear that if S 1 is symmetric 
half-integral, then Yl s is n °t empty. Thus we have 

(7.6) Y L = U M Y LtM , 

where A4 runs through the set of all symmetric half-integral matrices of 
degree m. 
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Lemma 7.1. Let M. be a symmetric half-integral matrix of degree m with 
M. 7^ 0. Then any element 4> ofYh,M is of the form 4>M,q- Here 4>M,q is the 
character ofT^ defined by 

(7.7) cj> M , q {{l,K)):=e 2 ™^ M ^ -e™^, (!,«)€ T L , 

where q : L — ► M/2Z = [0,2) is a function on L satisfying the following 
condition: 

(7.8) q(l + h) = q(l ) + q(h) - 2a{M(X % - Mo *Ai)} mod 2 
/or all Iq = (Ao,/io) G L and l\ = (Ai,^i) € L. 

Proof. (7.8) follows immediately from the fact that <f>M,q is a character of 
T^. It is obvious that any element of Yl,m is of the form 4>M,q- ^ 

Lemma 7.2. An element of ' Yl,o * s °/ ^ e /orm (f>k,i(k,l G M*" 1 '™)). .Here 
0fc 5 ; is i/ie character ofT^ defined by 

(7.9) 0M(7):=e 27riCT(fetA + ' V) , 7 = (A, /x, «) G T L . 

Proof. It is easy to prove it and so we omit the proof. □ 

Lemma 7.3. Let M. be a nonsingular symmetric half-integral matrix of 
degree m. Let 4>M,qi an d 4>M,q2 be the characters of Tl defined by (7.7). 
The character <f> ofT^ defined by <j> := (f>M,qi " q , 2 is an element of Yl,o- 

Proof. It follows from the fact that there exists an element g = (M^ 1 A, M^ 1 fi, 
G with (A, /i)eV such that 

<t>M,qi(l) = (pM^igjg^ 1 ) for all 7 G T L . 

□ 

We note that the alternating bilinear form A on V defined by (6.2) is 
nondegenerate and Z- valued on L x L. According to (6.3), the elementary 
divisors en, e±2, ■ ■ ■ , e mn of A are all one and L is self-dual, i.e., L = L* A . 
The set 

{ Pll, Pl2, ■ ■ ■ , Pmn,Qll,Ql2, ■ ■ ■ ,Qmn} 

forms a symplectic basis of V with respect to A. We fix a coordinate 

-Pll) j Pmm 

Qll, ■ ■ ■ ,Qmn On V. 

For a unitary character y>M,q °f defined by (7.7), we let 

(7.10) TT M ,q = Ind^ if Myq 

be the representation of G induced from tfM,q- L e t Ti-M,q be the Hilbert 
space consisting of all measurable functions 4> '■ G — ► C satisfying 

(LI) (f>(jg) = <fM,q{l) <Ks) for all 7 G T L and g G G. 

(L2) ll^ll^/i^ = Ir L \G 1^(9)1 dgloo, g = T L g. 
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The induced representation nM,q is realized in Ti-M,q as follows: 

(7.11) {^M, q {%)^j{9) = <f>(99o), 9o,9 G G, 4> G H M , q - 

^M,q is called the lattice representation of G associated with the lattice L. 

Theorem 7.4. Let M. be a positive definite, symmetric half integral matrix 
of degree m. Let (p_M be the character ofT^ defined by <£m{{\ M> k )) := 
e 2ma(MK) j or a n (^^^ £ p L Then the representation 

(7.12) ir M := Indp L <~PM 

induced from the character (p_M is unitarily equivalent to the representation 

U M ■= Ind| cTyVf ( ( det 2M ) n -copies), 
where K (resp.aj^\) is defined by (5.1) (resp. (5.6)). 

Proof. We first recall that the induced representation 7i» is realized in 
the Hilbert space Hm consisting of all measurable functions 4> '• G — ► C 
satisfying the conditions 

(7.13) (p((Xo,no, «q) o g) = s^Mko) ^ ^ ^ Kq) £ T ^ g £ Q 
and 

(7.14) U\\1,m-= I \Ha)\ 2 dgloo, g = T L og. 

Jr L \G 

Now we write 

go = [A , Ho, «o] G T L and g = [A, //, re] G G. 
For G H^, we have 

(7.15) 4>(9o<>g) = 0([Ao + A,/U + M,«o + re + A V + /"%])• 
On the other hand, we get 

4>(9o og) = <£((Ao, Mo, k - At %) ° 5) 

= e 2*M*<"o) ( because a(Mfi %) G Z ) 

Thus putting re' := re + Ao *// + ^*Ao, we get 

(7.16) 0([A O + A, no + /x, re + re']) = e 2m ^ M ^ ■ e -^^ MX ° V) ^([ A , M , «]). 
Putting Ao = reo = in (7.16), we have 

(7.17) <l>([X,n + n ,K]) = <f>([X,n,K]) for ah> G Z (m ' n) and [A, ^, re] G G. 
Therefore if we fix A and re, is periodic in u with respect to the lattice 

Z(m,n) in R(m,n)_ We note that 

0([A, M , re]) = 0([O, 0, re] o [A, /x, 0]) = e 2-<^) 0([A, 0]) 
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for [A, fi, k] G G. Hence <p admits a Fourier expansion in \i : 
(7.18) <I>([X,h,k}) = e 2 ™< MK ) c N {\)e 2 ™^ Nt ^. 

If Ao G Z( m,n \ then we have 

= e- w <- MA °*' t >#[A,M,K]) (by (7.16)) 

= e -4vrja(XAo V) e 27ri CT (AlK) ^ (A) e 2 ™ ^ *^ , 

= e 2 W * ff (A4«) £ Cjv(A)e 2«a{(JV-ZMAo)V}. (by (7.18); 



jy gZ (m,n) 



So we get 



E Cv(A + A )e 2 ™^) 
= ^ Qv (A)e 2 ^ CT « iV - 2 - MA «) t ^ 
= E ^ + 2A4A (A)e 2 -^^). 

Hence we get 

(7.19) c N (X + A ) = c N+2M XoW for all A G ^ m ' n ) and A G M (m ' n) . 

Consequently, it is enough to know only the coefficients c a (X) for the rep- 
resentatives a in z( m,n ) modulo 2M. It is obvious that the number of all 
such representatives a's is (det 2M) n . We denote by J a complete system 
of such representatives a's in 

z (m,n) modulo 2M. Then we have 

0([A, //,«]) 

= e 2m*{MK) | £ CQ+2A/(7v(A)e 2 mCT{ (a + 2^iV)V} 

+ E ^ + WA)e 2 ™W+ 2 ^)^ 



+ E c 7+2AW (A)e 2 — 



where { a, (3, ■ ■ ■ , 7 } denotes the complete system J. 
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For each a £ J, we denote by TLm,ci the Hilbert space consisting of 
Fourier expansions 

Jl-KiaiMn) „ / -v \ Jim a{ (a+2MN) V} < \ ,, „\ a H 

e 2_> c a+2MN{X)e lV ' , (A, /i, K) G G, 

where cjv(A) denotes the coefficients of the Fourier expansion (7.18) of G 
Ti-M an d runs over the set { <j) G 7r_\4 }. It is easy to see that Ti.M,a is 
invariant under 7rx. We denote the restriction of ir_\4 to H.M,a by 71"^^. 
Then we have 

(7.20) tt m = (J) 7IX, a . 
Let a G vt_a^ )Q . Then for [X, fi, k] G G, we get 

(7.21) M[K^^]) = e 2m ^ MK) Yl c a+2MN (\)e 2m ^ a + 2MN ^^. 
We put 



( rnxn l-timcs 



I x = '[0,1] x [0,lfx ••• x [0, if C | [A, 0,0] | AG R( m ' n ) | 

and 

(m X n)-times 

/ M = [M x [0,1] x ••• x [0,1] C {[0 )ft 0]|^EMj. 
Then we obtain 

(7.22) f (/) a ([X,n,K})e- 2m ^ at ^dfi = e 2m ^ M ^c a {X), a£j. 

Since T L \G = I x x i^, we get 

ll^a||ff,A4,a : = ll<M^ = / l<Ms)| 2d 

Jr L \G 
\4> a (g)\ 2 dXdfi 



Ix J In 

2 



/ „ /\\ 27ricr{(a + 2.M/V)' 

= \ c a+2MN(X)\ 2 dX 

= I £ |c Q (A + 7V)| 2 dA (6y (7.19)) 
= / |c Q (A)| 2 dA. 

7R(">.»») 



dXdfi 
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Since <j) a G TtM,a, \\<l>a\\n,M,a < 00 and SO C a (A) G L 2 (M( m - n ),dC) for all 
a e J. 

For each a G J, we define the mapping "&M,a on L 2 (R( m ' n ), d£) by 
(7.23)(^, Q /)([A,/x,re]) = e 2 — ^ 

x ^ /(A + Ar)e 2«a{(a + 2A4iV)V} ) 

where / G L 2 (R( m > n ),df) and [A, fi, re] G G. 

Lemma 7.5. For eac/i a £ J, £/ie image of L 2 (M.( m ' n \d£,) under "&M,a 
is contained in Hm,oc- Moreover, the mapping is a one-to-one unitary 

operator of L 2 (W^ m ' n \ d£) onto Ti.M,a preserving the norms. In other words, 
the mapping 

tf M , a :L 2 {R^ n \d^) — ► T~Lm,oc 

is an isometry. 

Proof. We already showed that preserves the norms. First we observe 

that if (Ao, Ho, reo) £ and g = [A, /j,, re] G G, 

(A ,Aio,^o) °9 = [Ao,Mo,«o + Mo%] o [A,//, re] 

= [A + \,no + //, re + re + ^0% + A V + /■*%]■ 

Thus we get 
(^M,a/)((Ao,Mo,Ko) off) 

x ^ / ( A + Ao + iV ) e 2--{(« + 2A1iV) t (w+^} 

_ e 2iria(MKo) . g27ri <r(.A/fK) . g27rj <r(a */uo) _j_ jy) g27ri o-{(a+2A4iV) V} 

jVeZ( m > n ) 

= e 2 -^") {fi M , a f)(9)- 

Here in the above equalities we used the facts that 2a(M.N t //q) G Z and 
a*/io £ Z. It is easy to show that 

/ l<W/(ff)| 2 ^ = / |/(A)| 2 dA=||/|| 2 <oo. 

Jr L \G jR(m,n) 

This completes the proof of Lemma 7.5. 

Finally it is easy to show that for each a £ J, the mapping inter- 
twines the Schrodinger representation (U S,M , L 2 (M^ m,n \ d£)) and the rep- 
resentation (TTM,a,T~(-M,a)- Therefore, by Lemma 7.5, for each a G J, vr_v( jQ , 
is unitarily equivalent to U{o~m) and so i^M,a is an irreducible unitary rep- 
resentation of G. According to (7.20), the induced representation -km is 
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unitarily equivalent to 

U M ( ( det 2M) n -copies ). 

This completes the proof of Theorem 7.4. □ 

Now we state the connection between the lattice representation and theta 
functions. As before, we write V = WL {m ^ x R( rn ' n ) ^ C^ m ' n \ L = % {m ^ x 
^(m,n) an( ^ j s a positive symmetric half-integral matrix of degree m. The 
function q M ■ L — ► R/2Z = [0, 2) defined by 

(7.24) q M ({tv)) = 2a(M^ V ), (£,77) G L 

satisfies the condition (7.8). We let <PM,q M '■ Tl — ► C* be the character of 
Tl defined by 

<PM, qM ((!,*.)) = e 2 ^ M ^e™^ l \ (Z,«) €F L . 
We denote by Ti-M,q M * ne Hilbert space consisting of measurable functions 



(ft : G — ► C which satisfy the conditions (7.24) and (7.25): 

(7.25) (ft((l, n)og) = <p M:qM ((I, «)) <p(g) for all (I, k) G T L and g G G. 

(7.26) / ||0(5) f d<? Zoo, g = T L o g . 
Jr L \G 



Then the representation 

of G induced from the character ^M,q M ls realized in TCm^m as 

(^M,q M (9o) <f>) (g) = 4>(99o), 90,9 G G, <peHM,q M - 

Let Hm ;9ai be the vector space consisting of measurable functions F : V 
C satisfying the conditions (7.26) and (7.27). 

(7.27) F(A + ^,/i + r ? ) = ^{M^v+x Vm'O} F ( A , 
for all (A, /i) G F and (£, 77) G L. 

(7.28) / ||F(t;)|| 2 c^ = f \\F(\, fi)\\ 2 dXdfil oo. 
Jl\v Ji\*i» 

Given (ft G Hm^m and a nxe d element f2 G M n , we put 

(7.29) E^X,fj) = 0((A,/i,O)), A,/i G R^' n \ 

(7.30) W,m)= 0([A,/x,O]), A./iSKM, 

(7.31) F Ci , <t ,{X,n)= e-^^^F^fi), A^gRM. 
In addition, we put for = AO + // G C( m,n \ 

(7.32) #nA w ) = + ») : = F ^(A, /*)■ 
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We observe that E^, F^, Fq^ are functions denned on V and ifo,^ is a 
function denned on C^ m ' n \ 

Proposition 7.6. If (ft £ 'Hm^mi (^j 7 ?) e ^ an< ^ (^rf £ ^ ^ en we frove 
i/ie formulas 

(7.33) ^(A + ^/i + r/) = e^^^ + ^-^^A,//). 

(7.34) ^(A + C/x + r?) = e ~^^V) ^(a, m ). 

(7.35) ^(A + C/x + r?) = e" 2 — {M^ + 2A^ + 2 ^)} F ^( A , „). 
// = AO + 7] G C( m ' n \ i/jen we have 

(7.36) n ,*(W + ^ + V) = e ~ 2m ^ M ^ + 2Wt ^ ^(W). 
Moreover, F^ is an element o/H_A4 j(?A1 . 

Proof. We note that 

(\ + S,H + r},0) = (C,r ? ,-eV + ??*A)o(A,/i,0). 

Thus we have 

= m,V, -CV + »7 t A)o(A,/i,0)) 

This proves the formula (7.33). 
We observe that 

[A + C,/x + ? 7 ,0] = (C,r ? , -£V-/"*£-^0°[A,/i,0]. 
Thus we have 

F (A + f, // + V) = Hi* + & A* + »7> 0]) 

x e^^'^QA^O]) 
= e- 4 " iCT (- M «^F (A,/i). 

This proves the formula (7.34). 
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According to (7.34), we have 

Fn^X + $,» + ri)= e- 2 ^^ M ^ n *( A+ «> F (A + £, p + rj) 

= e -27ri(T{A1(A+On*(A+0} 

x e -^^«V) i^(A,/i) 

-2iri<r{A1($n t g + 2An'f + 2/i t O} 
= e -27ria{X(^^ + 2An t 5 + 2^'0} F Q(j> (X,fl). 

This proves the formula (7.34). The formula (7.35) follows immediately from 
the formula (7.34). 

Indeed, if W = XQ + /i with X,fi& M.( m > n \ we have 
&nA w + & + r])= F n ^(X + £, n + r,) 

= e -2m „{MW * 6 + 2 (An+ M ) '0} ( A> ^) 

= e -2^A^n* e+ 2^)}^ (W ). 

□ 

Remark 7.7. The function i?f2^,(W) is a theta function of level 2A4 with 
respect to if $n,0 is holomorphic. For any £ TLmsm-i ^ ne function 
satisfies the transformation law (3.1) of a theta function. In this sense, the 
lattice representation (vr_A4 igA1 , ^M,qM ) ^ s closely related to 
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8. The Coadjoint Orbits of Picture 

In this section, we find the coadjoint orbits of the Heisenberg group H^'™^ 
and describe the connection between the coadjoint orbits and the unitary 
dual of H^ ,m ^ explicitly. 

For brevity, we let G := H^ 1 '" 1 ^ as before. Let q be the Lie algebra of G 
and let q* be the dual space of q. We observe that g can be regarded as the 
subalgebra consisting of all (m + n) x (m + n) real matrices of the form 



X(a,(3,j) :-- 



/0 

a 



\0 



a,/3 G 



>(m,n) 



7 = r 7 e 



(m,m) 



of the Lie algebra sp(m + n,\ 
easy computation yields 



7 
-h 

J 

of the symplectic group Sp(m + n,M). An 



[X{ct,P,i), X(6,e,S)] =X(0,0,a t e + e t a- [3*5 -5*13). 

The dual space q* of g can be identified with the vector space consisting of 
all (m + n) x (m + n) real matrices of the form 



F(a,b,c) :-- 




% 
\6 c 













a, 6 G 



(m,n) 



l cG 



(m,m) 



-a 0/ 



so that 
(8.1) 

(F(a,6,c),X(Q,/3, 7 )) := cr(F(a, b, c) X(a, /?, 7)) = 2a( t aa + %/?) + a(cy). 

The adjoint representation ^4<i of G is given by Ada(g)X = gXg~ l for g G G 
and l£g. For g <E G and F G fl*, gFg^ 1 is not of the form F(a, 6, c). We 
denote by (gFg~ 1 )* the 



/0 * 0\ 

0*00 



part 



of the matrix gFg 1 . Then it is easy to see that the coadjoint representation 
Ad* G : G — ► GL(q*) is given by Ad* G (g)F = (gFg- 1 )*, where g G G and 
F G q*. More precisely, 



(8.2) 



Ad G (g)F(a, b, c) = F(a + cfi, b — cA, c), 



where g = (A, /j,, k) G G. Thus the coadjoint orbit of G at F(a, 6, 0) G g* 
is given by 



(8.3) 



Q a b = Ad* G (G) F(a, b, 0) = {F(a, b, 0)}, a single point 
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and the coadjoint orbit Q c of G at F(0, 0, c) G g* with c ^ is given by 
(8.4) 

Cl c = AcIq(G) F(0, 0, c) = { F(a, b,c)\a,be R [m ' n) } = M (m ' n) x M (m ' n) . 

Therefore the coadjoint orbits of G in q* fall into two classes: 

(I) The single point { tt a ,b \ a,b € M.( m,n > } located in the plane c = 0. 

(II) The affine planes { ft c | c = *c G R( m > m ), c / } parallel to the ho- 
mogeneous plane c = 0. 

In other words, the orbit space 0{G) of coadjoint orbits is parametrized 

by 

c-axis, c + 0, c = *c G R( m > m ); 
(a, 6) -plane » R( m ' n ) x R( m > n ). 

The single point coadjoint orbits of the type fi a & are said to be the degenerate 
orbits of G in q*. On the other hand, the flat coadjoint orbits of the type 
Q c are said to be the non- degenerate orbits of G in q* . 

Since G is connected and simply connected 2-step nilpotent Lie group, 
according to A. Kirillov (cf. [16] or [17] p. 249, Theorem 1), the unitary dual 
G of G is given by 

(8.5) G = (R( m - n ) x R( m '™)) ]J jjg G M (m ' m) | z = *z, z # o} , 

where ]J denotes the disjoint union. The topology of G may be described 
as follows. The topology on {c — axis — (0)} is the usual topology of the 
Euclidean space and the topology on {F(a,b,0)\a,b G R( m '")} is the usual 
Euclidean topology. But a sequence on the c-axis which converges to in 
the usual topology converges to the whole Euclidean space R( m ' n ) x R( m ' n ) 
in the topology of G. This is just the quotient topology on g*/G so that 
algebraically and topologically G = Q*/G. 

It is well known that each coadjoint orbit is a symplectic manifold. We 
will state this fact in detail. For the present time being, we fix an element 
F of q* once and for all. We consider the alternating M-bilinear form on 
g defined by 

(8.6) B F (X,Y):=(F,[X,Y]) = (ad* g (Y)F,X), X,Y £ g, 

where ad* s : q — > End(g*) denotes the differential of the coadjoint rep- 
resentation Ad* G : G — > GL(g*). More precisely, if F = F(a,b,c), X = 
X(a,/3,7), and Y = X(6,e,£), then 

(8.7) B F (X,Y) = a{c(a t e + e t a- (3*5 -5*/?)}. 
For F G 5*, we let 

G F = {geG\ Ad* G {g)F = F} 
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be the stabilizer of the coadjoint action Ad* of G on 0* at F. Since Gf is a 
closed subgroup of G, Gf is a Lie subgroup of G. We denote by qf the Lie 
subalgebra of g corresponding to Gf- Then it is easy to show that 

(8.8) q f = radB F = {X G | ad* g (X)F = 0} . 

Here rad B denotes the radical of Bp hi 0- We let Bir be the non-degenerate 
alternating M-bilinear form on the quotient vector space g/rad Bp induced 
from Bp. Since we may identify the tangent space of the coadjoint orbit 
Q F = G/Gf with q/qf = fl/radBi?, we see that the tangent space of Qf at 
F is a symplectic vector space with respect to the symplectic form Bp. 

Now we are ready to prove that the coadjoint orbit Qf = Ad*j(G)F 
is a symplectic manifold. We denote by X the smooth vector field on 0* 
associated to X 6 0. That means that for each I £ 0*, we have 

(8.9) X{1) = ad* s {X) I. 
We define the differential 2-form Bq f on 0,p by 

(8.10) B Qf (X,Y) = B nF (ad* g (X)F,ad* g (Y)F) := B F (X,Y), 
where X, Y G g. 

Lemma 8.1. ffo F is non-degenerate. 

Proof. Let X be the smooth vector field on 0* associated to X £ q such that 
Bq f (X,Y) = for all Y with Y £ g. Since Bq f (X,Y) = B F {X,Y) = for 
all Y £ q, X £ qf- Thus X = 0. Hence -Efo F is non-degenerate. □ 

Lemma 8.2. Bq f is closed. 

Proof. If Xi, X 2 ,and X 3 are three smooth vector fields on g* associated 
to Xi, X 2 , X 3 £ 0, then 

dB Qp {X[ ,X 2 ,X 3 )=X 1 (B Qf (X 2 ,X 3 ))- X 2 (B Qf (x[ , X 3 )) + X 3 (B Uf (x[ ,X 2 )) 
- Bq f ( [X[ , X 2 \ , X 3 ) + 5 nF ( [Xi , X 3 ] , X 2 ) - Bq f {[%,%},%) 
= —(F, [[X^X^X^ + [[X 2 ,X 3 ],*i] + [[X 3 ,X 1 ],X 2 ]} 
= (by the Jacobi identity). 

Therefore Bq f is closed. □ 

In summary, (Q,f-,Bq, f ) is a symplectic manifold of dimension 2mn or 0. 

In order to describe the irreducible unitary representations of G corre- 
sponding to the coadjoint orbits under the Kirillov correspondence, we have 
to determine the polarizations of q for the linear forms F £ g*. 

Case I. F = F(a, b, 0); the degenerate case. 

According to (8.3), $1f = ^a,b = {F( a i b, 0)} is a single point. It follows 
from (8.7) that B F (X,Y) = for all X, Y £ q. Thus q is the unique po- 
larization of for F. The Kirillov correspondence says that the irreducible 
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unitary representation ir aj b of G corresponding to the coadjoint orbit Q a< b is 
given by 

(8.11) 7r a , 6 (exp X(a,/3, 7 )) = e ^(FM^a)) = e 4mi^aa+%p)_ 
That is, 7r a ^ is a one-dimensional degenerate representation of G. 

Case II. F = F(Q, 0, c), / c = *c G R(' m ' m ) : the non-degenerate case. 

According to (8.4), n F = Q c = {F(a,b,c) \ a,b G IR( m ' n ) }. By (8.7), we 
see that 

(8.12) fi = { X(0, P,i)\0€ R {m ' n) , 7 = *7 G M (m ' m) } 

is a polarization of q for i 7 , i.e., 6 is a Lie subalgebra of 3 subordinate to F G g* 
which is maximal among the totally isotropic vector subspaces of q relative 
to the alternating M-bilinear form Bp. Let K be the simply connected Lie 
subgroup of G corresponding to the Lie subalgebra t of q. We let 

Xci t : # — » Cf 
be the unitary character of .fT defined by 

(8.13) X c, e (expX(0,/3, 7 )) = ^(WoA-r)) = ^to). 

The Kirillov correspondence says that the irreducible unitary representation 
7r Ci { of G corresponding to the coadjoint orbit = £l c is given by 

(8-14) TT c>t = Indg xc,e- 

According to Kirillov's Theorem (cf. |16j). we know that the induced rep- 
resentation 7r Cj f is, up to equivalence, independent of the choice of a polar- 
ization of g for F. Thus we denote the equivalence class of 7r c { by ir c . tt c is 
realized on the representation space 

£2( R (m,n) jd £) ag follows; 

(8.15) (*c(g)f)(0 = e 2m ° W^A+^V)}/^ + A ), 
where g = (A, (j,,k) £ G and £ G ]R( m,n ). Using the fact that 

expX(a,/3, 7 ) = ^a, /3, 7 + i (a */? - /? *a) ^ , 

we see that 7r c is nothing but the Schrodinger representation U c = U(a c ) of 
G induced from the one-dimensional unitary representation a c of K given 
by <r c ((0, n, re)) = e 27riCT ( CK )/ (cf. (5.6) and (5.8)). We note that vr c is the 
non-degenerate representation of G with central character Xc '■ Z — * C* 
given by Xc((0,0,re)) = e 27ri ^ CK l Here Z = {(0,0, re) | re = *re G R( m < m ) } 
denotes the center of G. 

It is well known that the monomial representation (tt c , L 2 (M^ m ' n \ <i£)) of 
G extends to an operator of trace class 

(8.16) vr c (0) : L 2 (R( m ' n \d£) — ► L 2 (R( m ' n \d£) 

for all G C£°(G). Here C£°(G) is the vector space of all smooth functions 
on G with compact support. We let C£°(q) and C(g*) the vector space of 
all smooth functions on g with compact support and the vector space of all 
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continuous functions on g* respectively. If / G C£°(g), we define the Fourier 
cotransform 

CF S : C c °°(f>) — > C(g*) 

by 

(8.17) (CF s (f))(F') := [ f(X)e 2 ™( F '> x >dX, 

where F' G g* and dX denotes the usual Lebesgue measure on g. According 
to A. Kirillov (cf. [IS]), there exists a measure j3 on the coadjoint orbit 
f2 c ~ R( m ' n ) x R( m ' n ) which is invariant under the coadjoint action of G such 
that 

(8.18) trirl(4>)= I CF S (<P o exp)(F f )df3(F f ) 

holds for all test functions <j) G C%°(G), where exp denotes the exponentional 
mapping of g onto G. We recall that 

<mf) ■= [ 4>{x) (n c (x)f)dx, 
Jg 

where (j) G C~(G) and / G L 2 (R( m ' n ), d£). By the Plancherel theorem, the 
mapping 

5(G/Z) 3 <p .— ► tt^) G TC(L 2 (IR( m ' n ),^)) 
extends to a unitary isometry 

(8.19) tt 2 : L 2 {G/Z, X c) — ► #,S(L 2 (R (m ' n) ,d£)) 

of the representation space L 2 (G/Z, Xc) of Ind^ Xc onto the complex Hilbert 
space 

HS(L 2 (R( m - n ) , d£) ) consisting of all Hilbert-Schmidt operators on L 2 (R( m >™) , 
where S(G/Z) is the Schwartz space of all infinitely differentiable complex- 
valued functions on G/Z = R( m ' n ) x R (m ' n ) that are rapidly decreasing at 
infinity and TC(L 2 (lR( m ' n ),d£)) denotes the complex vector space of all 
continuous Cdinear mappings of L 2 (R( m < n ) , d£) into itself which are of trace 
class. 

In summary, we have the following result. 

Theorem 8.3. For F = F(a,b,0) G g*, the irreducible unitary represen- 
tation 7r 6 of G corresponding to the coadjoint orbit ftp = f2 c under the 
Kirillov correspondence is degenerate representation of G given by 

7r aife (expA(a,/3, 7 )) =e 4m < aQ - t ^). 

On the other hand, for F = F(0,0,c) G g* with ^ c = *c G R( m > m ), 
i/ie irreducible unitary representation (tt c , L 2 (]R( m > n ), d£)) o/ G correspond- 
ing to the coadjoint orbit Q c under the Kirillov correspondence is unitary 
equivalent to the Schrodinger representation (U c , L 2 (R^ m ' n \ d£)) and this 
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non- degenerate representation tt c is square integrable modulo its center Z. 
For all test functions 4> G C£°(G), the character formula 

trn*(<t>)=C(<f>,c) [ (j)(0,0,K)e 2nia{cK) dK 
JlK") 

holds for some constant C((f),c) depending on eft and c, where dn is the 
Lebesgue measure on the Euclidean space IR( m > m ). 

Now we consider the subgroup K of G (cf. (5.1)) given by 

K := { (0, 0, re) GG| /iGK M , k = *k G M (m ' m) }. 

The Lie algebra 6 of if is given by (8.12). The dual space t* of t may be 
identified with the space 

{F(0,b,c)\ beR {m ' n \c = t ceR {m ' m) }. 

We let Ad* K : K — > GL{t*) be the coadjoint representation of Konl*. The 
coadjoint orbit w& )C of K at F(0, 5, c) G t* is given by 

(8.20) L0 btC = Ad* K (K) F(0, b, c) = {F(0, b, c)}, a single point. 

Since K is a commutative group, [t, t] = and so the alternating K-bilinear 
form Bj on t associated to F := F(0,b,c) identically vanishes on t x £(cf. 
(8.6)). t is the unique polarization of t for i* 1 = F(0,b,c). The Kirillov 
correspondence says that the irreducible unitary representation Xb,c of if 
corresponding to the coadjoint orbit c is given by 

(8.21) XbiC (expX(0,/3, 7 )) = e 2 ™ WteWWa)) = ^i^bfi+c) 
or 

(8.22) X b,cm^K))=e 2ma{2tbfi + CK \ (0,^,K)eK. 

For ^ c = *c G M( m ' m ), we let 7r c be the Schrodinger representation of 
G given by (8.15). We know that the irreducible unitary representation of 
G corresponding to the coadjoint orbit 

n c = Ad* G (G) F{0, 0, c) = |F(a, b,c)\a,be R {m ' n) } . 

Let p : q* — ► t* be the natural projection defined by p(F(a,b,cj) = 
F(0, b, c). Obviously we have 

P (n c ) = {f(o, b,c)\be } = |J u b , c . 

t,gK(m,n) 

According to Kirillov Theorem (cf. [T7] p. 249, Theorem 1), The restriction 
tt c \k of 7r c to K is the direct integral of all one-dimensional representa- 
tions Xb,c of K (6 G R( m ' n )). Conversely, we let Xbc be the element of A" 
corresponding to the coadjoint orbit ujb, c of The induced representation 
Ind^ Xbc is nothing but the Schrodinger representation ir c . The coadjoint 
orbit Q c of G is the only coadjoint orbit such that f2 c np _1 (w& c ) is nonempty. 
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9. Hermite Operators 

We recall the Schrodinger representation U c of G induced from a c (cf. 
(5.8)). We consider the special case when c = I m is the identity matrix of 
degree m. Then it is easy to see that 

dU Im (D° kl )f(0 = 27riS kl f(0, 
dU Im (D ka )f(0 = ^P-, 

dU Im (D lb )f(S)=4iri£ lb m, 

where / G S(R im ' n ^) or C°°(K), the Schwartz space and £n, ■ ■ ■ , £ mn are the 
coordinates of £. In section two, we put 

Zjg,: = -iZ>Jj„ l<fc<Z<m, 

Y ka'- = \ ( D ka + iD ka ), 1 < k < m, l<a<n, 

Y~ : = ^{D lb -iD lb ), l<l<m, l<b<n. 



We set 



(9.1) A+ a := dU Im (Y+) = - dU Im (D ka ) + - dU Im (D ka ), 

(9.2) A' := dU Im (Y-) = \ dU Im (D lb ) - % - dU Im (D lh )) 
and 

(9-3) C kl : = dU Im (Z° kl ) = -idU Im (D° kl ). 

By Lemma 2.2, we have 

[ A ta' A lb\ = $abC H , 
[CkhCmn] = [Chh^tia] = [Ckl, 4J = °- 

In particular, we have 

(9.4) L4+ , A-J = 2tt • Id, 1 < fc < m, 1 < a < n. 

We note that A+ and A~ acts on the Schwartz space C°°{E^ m ' n ^) or <S(]R( m ' n ); 
as the following linear differential operators 

(9.5) <= I(!__4. {ta 
and 

(9.6) A-=i(|--4. &t 

where 1 < k,l < m and 1 < a, 5 < n. The differential operators A^~ a and 
.A^ are called the creating operator of energy quantum and the annihilation 



HEISENBERG GROUPS, THETA FUNCTIONS AND THE WEIL REPRESENTATION 59 

operator of energy quantum respectively. It is easy to see that the adjoint 

of Ka is ~ A ta- 

We start with the ground state /o(£) given by 
(9.7) MO = (V2) m « e - 2 -Er =1 E" =1 €L. 

By an easy computation, we have 
(9-8) <Fo,/o) = l, Ka(fo) = V 

for all 1 < k < m and 1 < a < n. This means that /o is a unit vecter 
in L 2 (M.( m ' n \ d£) which is annihilated by the annihilation operator Aj^ : 

— > ,S(R(™>")). For any J G I^ n \ we define 

(9.9) fj(0 := (A + ) J MO := (A+ ) J " • • • • • • (A+J J - / (fl. 

We give a lexicographic orderring on Z^'™- 1 . That is, for J,K£ Z>^' n ^ , J < 
if if and only if J n = K u , ■■■ , Jij = K^, J i>j+1 < K iJ+1 , 

Lemma 9.1. For each k,a with 1 < k < m and 1 < a < n, we have 

(9-10) A- a (fj) = -2nJ ka fj„ eka . 

Proof. We prove this by induction on J. If J = (0, • • • , 0), (9.10) holds. 
Suppose (9.10) holds for J. For J = J + eta, 

Kaifj+^kJ = Ka° Ka(fj) 

= (Ka°Ka-lKaiKa])(fj) 

= A+ a (-2TTj ka fj^ ka )-27rfj 

= -2TTj ka fj-27Tfj 

= -2ir(J ka + l)fj. 
This completes the proof. □ 



Lemma 9.2. 

{f j, Ik) 



(2tt) j J\ ifJ = K 
otherwise. 



Proof. If J > K, we have 

(fj,f K ) = ((A+yf ,(A + ) K f ) 

= (-l) J (fo,(A-) J o(A + ) K f ) 
= (by Lemma 9.1). 

In case J < K, (fj, fx) = {fxifj) = 0. In case when J = K, we prove 
the above identity by induction on J. If J = (0, 0, • • • , 0), then ( fo, f Q ) = 1. 
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Assume that (fj,fj) = (2tt) j Jl. Then according to (9.4) and Lemma 9.1, 
we have, 

( fj+e ka ,fj+e ka ) = ( ^ta(fj), KaU j) ) 

= -(fj> A ka oA ta(fj)) 

= -(fj,(At°A- a - [A+ a ,A- a ))fj) 
= -(fj,-2irJ ka fj-27rfj) 
= 2tt (J ka + l)(f j, fj) 
= (2^) J ^(J + e ka )\. 

□ 

We define the normalized function hj £ S(R^ m ' n ^) by 

(9.11) ^(i)^ 172 ^ j£Z >» n) - 

Lemma 9.3. For each J G Z>q' t ^ and all k,a G Z with 1 < k < m and 
1 < a < n, we have 

(9.12) A+Jhj) = {2Tr(J ka + l)} 1 / 2 h J+£ka 
and 

(9-13) A~ a (hj) = -(27rJ ka ) l / 2 hj. eka . 

Proof. According to (9.9), we have 

= (2^ 2 {J ka + l) l ' 2 hj +eka 
= {2ir(J ka + l)} 1 / 2 h J+€ka . 
According to Lemma 9.1, we have 

A ka (hj) = {J^\j\r l i 2 A- ka {fj) 
= (vfe) J ' ( j r l/2 (-^)j ka fj-, ka 

= -(2tt J ka f/ 2 (J=>J ' ^ {(J - e ka )l}-^fj. eka 



-{2ixJ ka fl 2 h 



J — tka • 



□ 



Lemma 9.4. For each J G Z^j'™^ and k,a € Z + mi/i 1 < k < m and 
1 < a < n, we have 

(9-14) A+ o^ a (M = -2 7 r4 a / (J , 
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(9.15) A ka o A+ (hj) = -2n(J ka + 1) hj. 

Proof. It follows immediately from (9.12) and (9.13). 

= -(27rJ ka ) 1 / 2 (2vrJ fca ) 1 /2 ^ 
= -(2tt J ka )hj, 

A' ka ° ^a(^) = {2VT G4a + 1)} 1/2 ^(Jl J+e J 

= {2 tt ( J fca + l)} 1 / 2 (-1) {2vr( J fca + l)} 1 / 2 ^ 
= -27r(J fca + l)hj. 

□ 

The linear differential operators 
and 



(9.16) tf feo (M = 8tt ( J fca + ± ) hj, J G Z^' n) . 



are called the number operators for the family {/ij | J G Z^'"^}. Now we 
consider the so-called Hermite differential operator 

H ka : = -2 (A+ o ^ + A ka o A+ a ) = --J^ + 16 vr 2 ^. 

i?fc a is also called the Schrddinger Hamiltonian for the harmonic oscillator 
system in quantum mechanics. Obviously we have 

r 

Thus the { /ij | J G Z^'™^ } is the set of normalized eigenforms of all 
Hermite operators H ka with eigenvalues {8 7r(Jfc a + ^) | J G Z*™'™)}. In 
other words, each hj (J G Z( m ' n )) is the harmonic oscillator wave func- 
tion with equidistant energies {87r(Jfc a + ^) | 1 < k < m, 1 < a < n } 
in natural units. The Hermite operator H ka acts on the Schwartz space 
c L 2 (R( m '™), d() and is self-adjoint. 

Lemma 9.5. For each J G Z^'"^ and fc, a G Z w/^/i I < k < m and 
1 < a < n, 

(9.17) M-£) = (-i) J M£), 

(9.18) ^-|_- 4 7T^ ^(0 =2 {2vr(J fca + l)} 1 / 2 fcj +efco (0, 

(9.19) hj = {-i) J hj, 
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(9.20) CF{hj) =i J hj. 

Thus hj and CF(hj) satisfy the differential equation (9.18). Here f{rj) 
denotes the Fourier transform of /(£) on ]R( m ' n ) defined by 

and CF(f) denotes the Fourier cotransform of f on R( m ' n ) defined by 

CF(f)(0:= [ f( V )e 2 ^^d V , U^ (m ' n) - 

Proof. (9.17) is obvious. (9.18) follows immediately from (9.5) and (9.12). 
(9.19) and (9.20) follow from a simple computation. □ 

For £ = G R^ n \ we briefly put |£| 2 : = ZT=i E"=i We define 
the functions Pj G Z^' n ^ by 

(9.21) hj(0 : = Pj(0 e- 2 - l«l 2 , £ G R(™>»). 

Indeed, Pj(£) are the Hermite polynomials of degree J = (Jn, ■■■ , Jmn) nor- 
malized in such a way that they form an orthonormal family in I? (]R( m ' n ) , e~ 47r '^' 
(it will proved later). 

Lemma 9.6. For each J G Z>^'™^ and k,a G Z + wi/t 1 < fc < m, and 
1 < a < n, we have 

(9.22) - 87r^ a Pj(0 - 2{2vr (J ka + l)} 1 ^ P J+£fca (£) = 
anc? 

(9.23) 9Pj+, ka (0 + 2 {2^(J fca + l)} 1 / 2 P J (£) = 0. 

C?fea 

Proof. (9.22) follows from (9.18). (9.23) follows from (9.6) and (9.13). □ 

Differentiating (9.22) with respect to ^ k a, and then using (9.23), we see 
that Pj(£) satisfies the so-called Hermite equation. 

d 2 PA0 , , dPj(0 

-^72 8 7T4fca ~ 



(9.24) - 8 7T & a + 8 7T J fca Pj(0 = 0, 



where J G Z^'™- 1 , 1 < k < m and 1 < a < ra. We set <9fc a : = q^~- Then 

(9.24) becomes 

dlaPj(0 ~ § 7T £ fca 3fca Pj(£) + 8vr J fca Pj(0 = 0. 

Differentating (9.18) with respect to £ka, we obtain 

(9.25) 2 ka hj(0 -4 tt& d ka hj(0 -4ir/»j(0 

-2{2vr (J fca + l)} 1 / 2 ^j-h^O = 0. 
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By the way, according to (9.23), we have 

= -2{2ir{J ka + l)} 1 / 2 hj(0 - 4tt^ h J+eka (0- 
If we substitute this relation into (9.25), we obtain 

(9.26) d 2 ka hj(0 - W7r 2 e ka hj(0 = -87T (j fca + hj(0- 

Theorem 9.7. The set | J G Z>^' n ^ | of normalized Hermitian func- 
tion in iS(IR( m ' n )) forms an orthonormal basis of L 2 {sS m,n \ d^) . These hj 
are eigenf unctions of the Fourier transform and the Fourier cotransform 
with eigenvalues (—i) J and i J respectively. 

Proof. If X is a left-invariant vector field on G, we set, for brevity 

U{X):=dU Im {X). 

We will prove that the set 



%ka-, Vib £ I < k,l < m, 1 < a, b < n 



U GX PG ^2 X ka D ka + ^2 VlbDlb I I (/0 
\ \ k,a l,b J J 

is contained to the closed vector subspace of L 2 (R( m ' n ) , <i£) spanned by 

the set {hj\ J G Z>^' n ^ } and the subspace generated by the above set 
is invariant under the action of U. Since the Schrodinger representation 
(Ui m ,L 2 (R( m ' n \d£)) is irreducible, we conclude that the set {hj\J € 

^>o' n ' 1 } is a complete orthonormal basis for L 2 (R^ m ' n \ d£) . 

According to the commutation relation among D2, , D ka , (cf. Lemma 
2.1) and the fact that U(D° M )f = 2iri5 kl f for all / G S(R( m > n )), it suffices 
to prove the case m = 1 and n = 1. We put D° : = D^, D : = D\\ and 
D : = D\\. In other words, it remains to prove that the set 



{u(exp G (xD + yD))(f )\ x,yeM.} 



is contained in the closed vector subspace of L 2 (R,dS,) spanned by the set 
{hj\ j = 0,1,2,- ■■}. 

First we note that by (9.1) and (9.2) 

A + = - (U(D) + i U(D)") and A~ = - (u(D) - i U(D) 

For the present time being, we fix real numbers x, y E M. We put z = x+iy E 
C. It is obvious that U(xD + yD) = zA + + zA~. For all integers k > 0, i > 
with < k < I, We define the complex numbers c k £ by 



U(xD + yD)\f Q ) = Y,c k/ fk- 



k=0 
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By the fact that A~(fo) = and by (9.10), we have 

U(xD + yD) i+1 (f ) = (zA+ + zA~) fe c M/fc) 

\fe=0 / 

i 

= ^2ck,e (zfk+i - 2irkzf k -i). 

k=0 

Thus we get the recurrence formula 

Ck,e+i = zc k -i jg - 2 vr (k + 1) z c k+1>i , 1 < k < I - 1. 
Let z = |z| e 2?r ^ with ^ G [0, 1) for z / 0. We put 



d k ,e : = (\z\- 1/2 ((2 vr Izl)- 1 ^ e — l<P-h)J 



Cfe . 



Then we have the recurrence formula 

dfc^+i = dfc-M + (fe + 1) 1 < k < £ - 1. 

For 1 < A; < £ — 1, we put 

h,e '■ = di-k,e- 
Then we get the recurrence formula 

h,e = h,e-i + (£ — k + 1) 6 fc _ 2 ^-i, 2 < k < £ — 1. 
If the starting value is 6q,o and we define bkfi = for k > 1, then we get 



&2p+M = for 0<p< ^(^-1) 



and 



1 

£ = ~ TT7 r — tt for < V < —I. 

p ' 2Pp\ (£ -2p)\ ~ y ~ 2 
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Thus we obtain 

U(xD + yD) e (f )=Y,c k ,ef k 



k=0 

, £ + k / 1 m ■ i 1\\ e ~ k 



k=0 

= ^(|,|V2 e -^) 2 ^( (27rN) l/2 e ^(,-i))% M/ ^ 
fc=0 

= ± (\z\V* e-*** ) ^ ((2 vr |z|) V* e - 2p &w / £ _ 2p 



p=0 



[|] 



And so we get 

^»(/o) = E>(^ + ^(/o) 



2p 



oo L 2 J 1 

£=0 p=0 1 K F > 

oo [|] 1 

£=0 p=0 ^ v 1 ' 

00 f 00 1 ] =fc 

e"" |2|2 e 2_A+ (/o) 



2^ (fc!) i/ 2 ft *- 



k=0 

2/ 



Therefore U(exp G (xD+yD))(fo) belongs to the closed subspace of L 2 (R, d£) 
spanned by the set { hj \ j = 0, 1, 2, • • • }. The latter part of the theorem 
follows immediately from (9.19) and (9.20). This completes the proof. □ 

Corollary 9.1. The set { Pj | J G Z^' 11 ^ } of Hermite polynomials forms 
an orthonormal basis for the L 2 -space 
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Proof. The proof follows immediately from Theorem 9.7 and (9.21). □ 
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10. Harmonic Analysis on T\G 

We fix an element f2 G M n once and for all. Let A4 be a positive symmetric 
half-integral matrix of degree m. Let L 2 (lR( m ' n ), cI^q^m) be the L 2 -space of 
]j( m > n ) with respect to the measure 



n,M 



It is easy to show that the transformation i — > e Tno-{M£fi of 
L 2 (WL( m > n ),d£n,M) into L 2 (R( m ' n \ d£) is an isomorphism. Since the set 
{£ J | J G Zg' n) } is a basis of L 2 , ^ ) , the set { e 7 " 1 a ^ n '«> ^ J | J G 

^>o' n ^ } is a basis of L 2 (lR( m > n ) , d^) . We observe that there exists a canonical 
bijection ,4 from the cosets T : = Z( m >") / (2M)^ m ' n h We denote by A a the 
image of a G T under the bijection A. 



For each A a G £ and each J G , we define a function 3>j^ 

on G = ffl by 



(0| 



(A4) 
J 



^4 Q 




(fi|(A,M,«)) : 



(10.1) 



3 27ri fT{X(re-A^)} 



.7 



x e 



27ri<j{M((A+W+^a)n t (A+Ar+ J 4a)+2(A+Ar+ J 4 ce )*M)} 
(n,m) 



where (A, /i, k) G G. We let Tq = ' be the discrete subgroup of G 
consisting of integral elements. That is, 

Lg = {(A,/i,K) 6 G | A, fi, k integral } . 



According to [42], Proposition 1.3, the function <£j 
isfies the transformation behaviour 

\A 



(M) 



A a 




(f2|(A, /U, k)) sat- 



(10.2) 



(M) 



A a 




(M) 
J 







holds for all 7 G T^* and g € G. Thus the functions $ 



(>0 



A a 




(n|(A,M,K)) Ugz^ 



? (m,n) 



are real analytic functions on the quotient space rc\G. Let 



(M) 



A, 



be 



the completion of the vector space spanned by <£j 



(M) 



and let H, 



(M) 
n 



A a 




be the complex conjugate of H { 



A a 


(M) 



{n\(x,ti, K )) (jg 



7 (m,n) 
">0 



A a 




(■is 
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Let L 2 (Tg\G) be the L 2 -space of the quotient space Tg\G with respect 
to the invariant measure 

dAn • • • dX mt n-idX mn dnii ■ ■ ■ dp mtn -\dp mn dK\\dK\2 ■ ■ ■ dK mm . 

Let p be he right regular representation of G on the Hilbert space L 2 (Tq\G) 
given by 

(p(9o)4>)(9)- = <P(99o), 90,9 GG, G L 2 (r G \G). 



In [12] , the author proved that the subspaces H, 



(M) 







and H, 



(M) 

n 







are irreducible invariant subspaces of L 2 (Fg\G) with respect to p and the 
decomposition of the right regular representation p is given by 



L*(r a \Cf) = ® Hg*> 



A, 



. M,a 



A, 



where .M (respectively c) runs over the set of all positive symmetric half 
integral matrices of degree m (respectively the set of all half integral nonzero 
matrices of degree m which are neither positive nor negative definite), R{c) is 
the sum of irreducible representations tt c which occur in p and A a runs over 
a complete system of representatives of the cosets (2fA)~ lr L^ m,n ^ /Z( m,ri ). 



Lemma 10.1. The transform of L 2 (MS m > n J , cI^q^m) onto H, 
by 

(10.3) C J i — ► <1> 



(M) 



A a 




given 



(M) 



A,, 



(n\(\,n,K)) 



is an isomorphism of Hilbert spaces. 



Proof. For the proof, we refer to [42], Lemma 3.2. 
We write 

(10.4) f (M)^y =e 2nia(M^)^J } J G zg' n) . 

We let be the transform of L 2 (R( m < n ), d£) onto 



□ 



A a 




defined by 



(10.5) 



j4 q 




(fi|(A, //,«)). 



Then is an isometry of L 2 (R( m ' n ),df) onto H, 



(A4) 



such that 



U*>" ((A, „, «)) o = o ^ ((A , _„)) , 
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where U S ' M is the Schrodinger representation of G defined by (6.45). 

Let A-n,M be the isometry of L 2 (R^ m ' n \ d£n M ) onto L 2 (R( m - n ), dg) de- 
fined by 

(10.6) (A nM m):=e m ^ M ^f(0- 

We define the unitary representation U^ M of G on L 2 (R( m ' n \ d£n t M) by 

(10.7) (u*> M (g)f) (0 := (<U^ M (g)(An, M f)) (£)) , 

where / G L 2 (R( m < n ), dfn,A<) and £ G R( m > ra ). 

Now we write down the image of /qj^ G L 2 (lR( m ' n ), c/£) under #yvi )a (cf. 
(7.22)) explicitly. 

(^/^) (( A ^)) 

= (^,a/n^ ) )([A,M,« + M*A]) 

= e 27ri CT {M( K + M *A)} ^ e 27ri CT {A1((A+Af)n t (A+Ar) + 2AfV)} ( A + j\T) J 

JV g g(m,n) 

= e 2TTia{M(K-X t n)+a t iJ,} ^ e 27ri <7{.M((A+iV)n ' (X+N) + 2 (X+N) V)} (\ + jy) J . 

In particular, if a = 0, k = and J = 0, then we have 
(wSJ?) ((A.M.0)) 

_ e -2 7 rio-( J MAV) ^ e 27ricr{A1((A+Af)n i (A+A r ) + 2(A+Ar) V)} 
_ e 27ricr{A1(An'A + AV)} ^ e 2?r * <r{.A/f (AT2 'iV + 2 (AQ+/u)*iV)} 

"0" 



e 2 7 rjcr{>l(An*A + A t /i)} $(2-M) 







(fi,Afi + /i). 



Therefore we obtain 



Proposition 10.2. Let Ai be a positive symmetric half-integral matrix of 
degree m. Let a G T and J G Z^' . T/ien we /ictve 

(Wl^) ((A, /*,«)) 

= e 2iri<r{(«-AV) + aV} ^ e 27ri<T{A4((A+AT)n '(A+iV) + 2(A+iV) V)}^ + jy) J 



In particular, 



(W^f) ((A.M.0)) =e 2-^(An*A + AV)}^) 



(n,Afi + /i). 
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It is easy to see that the following diagrams are commutative. 



Ti.M,a 

II 



diagram 10.1 



ttS,M ( \ 

L 2 (R^),d^, M ) L 2 {RM,d^, M ) 



TiM,a 
II 



diagram 10.2 



L 2 (R( m < n \d£) uS ' M{9 \ L 2 (R( m > n \dt) 



Im 
T~(-f,m 



U F < M {g) 
> 

diagram 10.3 



L 2 (RS m > n \dt) 



H, 



11, a 

(M) 

n 



U s < M (g) 



pm(q) 



L 2 (R( m > n \d£) 



(M) 



H, 



(M) 







diagram 10.4 



Here g £ G and pm denotes the restriction of the right regular representation 



p to 



A a 




. We know that the mapping $x ;Q , ^n,M^ an d ^cia 



are all the isomorphisms preserving the norms. Hence we have 

Theorem 10.3. For each a £ T, fl £ M n and M. positive symmetric half- 
integral matrix of degree m, the Schrddinger representation (U S,M , L 2 {RS m ' n \ d£)) , 
the lattice representation (TTM,a,7~tM,a), the Fock representation (U F ' M ,Hf,m) > 
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the representation ( pj^ , H f 



AM) 







and the representation (U^ M ,L 2 (R( m > n \d£n t/ 



are unitarily equivalent to each other via the intertwining operators $M,on I Mi 
and Afi^. 

Remark 10.4. The multiplicity of the Schrodinger representation (J S,M of G 
in 

(p,L 2 (r G \G)) is (det2.M) n . 

We refer to j42] for detail. Theorem 10.2 may be pictured as follows. 

M f ,m 

T Im 

^M,a "&M,a 



(M) 



figure 10.5 



Finally we describe explicitly the orthonormal bases of 



L 2 (R( m ' n \d£), L 



2/Wm,n) 



^flMj, 7~(-M,a, 7~(-F,M an d ^ 







respectively. 

In the previous section, we proved that the family of the functions 

Mo = f4=V(^r 1/2 /j(o, ^47° 



forms an orthonormal basis of L 2 (M^ m ' n \ d£) . Therefore the set 



forms an orthonormal basis for L 2 (R^ m,n \ £f£n„M) • For each J £ , the 

set of functions 

®M,a,j{\ M> «0 : 
= ($M,ahj)(\, fJ,, K) 

= f ,2na{M(/:+(i'H«V)} ^ /lj (A + iV) e 4 ™ CT(A/liV ' m) , Jg 



7 (m,n) 
J >0 
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forms an orthonormal basis for TLm,cx- For each J G Z^' ra \ we define the 
function 



H 



(M) 
J 







[Q\(\,Iji,k)) := 2^"^ (J\)-V 2 (det2yW) n / 4 (detImQ) 



m/4 



X e 



7ri <t(.M(k— A 



ffj(v^(2JW) 1/2 (A + JV' + yl a )(Imfi) 1 



/2 



x e 



7ri a{M((X+N+A a )Q, \X+N+A a ) + 2 (X+N+A a ) t /x)} 



where Hj(£) is the Hermite polynomial on ]R( m ' n ) in several variables defined 
by 

: = ^Jn (61)^12(62) • • • H Jmn (£ mn ). 



It was proved in [33] that the functions Hj 



(M) 



A a 




form an orthonormal basis for H, 



CM) 
n 



^4q 




(n| (A, /*,«)) (jezg^ 

. We have 



'orms an orthonormal basis 



Theorem 10.5. (1) The set { hj \ J G Z^' n) } /< 
/or L 2 (R( m > n ),d£). 

^ The set | e - 7rIO '(M£n t £) hj\ J G Z^'^ j forms an orthonormal basis for 
£ 2 (t (m ' n Us!,M). 

f3j The set | $M,a,J \ J S Z^,'™^ | forms an orthonormal basis for TCm,o- 
(4) The set | &m,J I J £ Z^' n ^ | ft:/. (6.36)) forms an orthonormal basis 



for Hf,m- 
(5) The set h\ M) 







(f2|(A, A 4 , k)) ( J G ) forms an orthonormal 



basis for Hq 



(M) 
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11. The Symplectic Group 

We recall that 

Sp(n,R) = {M G R( 2n ' 2n ) | *MJ n M = J n } 
is the symplectic group of degree n, where 

j - ( M 
Jn - \-i n o ; • 

If M = ^ G 5p(n, M) with A,B,C,De R( n ' n ) , then 

(11.1) *AD - *C5 = / n , *AC = *CA, *£D = *DB. 

We note that Sp(l, R) = SL(2, R). The inverse of M = G 5p(n, R) 

is 

M- i =j- it Mj n =(y c ~if\. 

Since J" 1 = -J n and *M _1 J n M _1 = J„ with M G 5p(n,R), we see that 
*M~ 1 J T 7 1 M- 1 = J" 1 , that is, MJ n *M = J n . 

Thus if M G 5p(n,R), then *M G 5p(n,R). If M = ^ ^ € Sp(n,R), 
then 

(11.2) A t D-B t C = I n , A t B=B t A, C t D=D t C. 

Lemma 11.1. Let M = L)) ^ Sp(n,M) and tt G H n . Then 

(a) CVi + D is nonsingular. 

(b) (AO, + B)(CQ + D)- 1 is an element o/H n . 

Proof. Let Q = X + iY £ U n with X, Y G R( n > ra ) and y > 0. Then 



< 1L3 > UJ J "U) =0 

and 



(ii.4) yj„^j = 2i r>o. 

We set 

5 = 4ft + 5 and T = CVL + D. 
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By (11.3), we have 



T V 7 / n V I 

"X)' MJ " M (2 

• In J \In 



By (11.4), we have 



i Ys\ T /s\ i Vn\ T /fi 



Thus we have 

(11.5) t ST- t TS = and — (*ST - *TS) = r > 0. 

Assume Tv = (CQ + D)v = for some v G C™. Then = 0, *u *T = and 
hence 

— t v( t ST - *T5)U= 0. 

By (11.5), v = and so T = C$7 + D is nonsingular. This proves the 
statement (a). 

We set 

$7* = (AQ + 5)(Cfi + D)' 1 = ST' 1 . 
By (11.5), we have f2* = and 

imn t = -L(^-n,) = -U*n*-n*) 

2 ? 7 2 1 ' 

= — t T- l { t ST- t TS)T' 1 

= t T- 1 YT l > 0. 
Therefore $7* G H n . This completes the proof of the statement (b). □ 

Lemma 11.2. The symplectic group Sp(n,~R) acts on the Siegel upper half 
plane M n transitively by 

(11.6) m- n = (An + B)(cn + Dy 1 , 

where M = G Sp(n,R) and n G H n . 

Proof. Let tt = X + iY <EU n with X, Y G Sym(n, R) and F > 0. It suffices 
to show that there exists an element M G Sp(n,M) such that M-(iI n ) = f2. 
We choose Q G GL(n, R) such that Q 2 = Y. We take 

' /J 1 Q- 
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According to (11.2), M G Sp{n,R). Clearly M-(iI n ) = X + i Y = Q. □ 

It is known (cf. [7j, p. 322-328, [IS], p. 10) that Sp(n,R) is generated by 
the following elements 



Thus if M G Sp{n, R), det M = 1. 

A subgroup T is said to be discrete if V n if is finite for any compact 
subset K of Sp(n,R). 

Theorem 11.3. A discrete subgroup T of Sp(n,R) acts properly discon- 
tinuously on HI n , that is, for any two compact subsets Ci, C 2 of the 
set 



is finite. 

Proof. We can show that the mapping 

p:Sp(n,R) — >U n , M — ► M ■ (il n ), M £ Sp(n,R) 

is proper, i.e., for any compact subset A C H n , p _1 (A) is compact in 
Sp(n,R) (cf. [7], pp. 28-29). Suppose X\ and X2 are two compact subsets of 
H n . Then Z\ = p~ l {X\) and Z 2 = p _1 (A 2 ) are compact in Sp(n,R). Since 
the image of Z2 x Zi under the continuous mapping (M 2 ,Mi) 1— ► A^Mj -1 
is compact, the set 



is compact. It remains to show that {7 G T | 7 • Ai n X2 7^ } is finite. If 
7 G T such that 7 • Ai n A 2 ^ 0, then 

7 • ill = M2 • (il n ) G A 2 for some Oi G Ai and M 2 G Z 2 . 

Since (7 -1 M 2 ) • (i/ n ) = U% G Ai, we have 7 _1 Af 2 G Zi, that is, M 2 _1 7 G 
Z-T 1 . Therefore 7 G M 2 Zj~ C Z 2 Z ] ^ 1 . Since T D Z 2 Z-f 1 is finite, the set 
{7 G T I 7 • Ai n A 2 / } is finite. □ 

By Theorem 11.3, the Siegel modular group T n = Sp(n,Z) acts properly 
discontinuously on H n . Therefore the stabilizer (T n )f2 of f2 G H n given by 




{ 7 GT| 7-C 1 nC 2 ^0} 



Z 2 Z 



— 1 



{MaMf 1 ! M x G Zi, M 2 G Z 2 } 



(I\0n= {7er n | 7 .fi= ft} 
is a finite subgroup of r n . 

Let q be a positive integer. The set 

T n {q) = { M G T n I M = I 2n mod q } 
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is a normal subgroup of T n because it is the kernel of the homomorphism 
T n — ► Sp(n,Z/qZ) defined by 7 — ► jmodq. It is called the principal 
congruence subgroup of level q. We have r n (l) = T n . A subgroup T of 
Sp(n,M) which contains T n (£) for some positive integer £ as a subgroup of 
finite index is called a modular group. A subgroup T of T n which contains 
T n (£) for some positive integer £ as a subgroup of finite index is called a 
congruence subgroup of T n . The subset T$ tn of T n consisting of elements 

7 = ^\ G T n such that the diagonal elements of A l B and C l D are 

even integers is a subgroup of T n called the theta group. For a positive 
integer q, we let 

r„,o(9) = { (c d ) G r " I c = modq } ■ 

Then T n fi(q) is a congruence subgroup of T n containing the principal con- 
gruence subgroup T n (q) of level q. 

Let ill and be two points of H n and M = G Sp(n, R). We 

write ft* = M-ftj (z = 1,2). Then by the symplectic conditions (11-1) and 
(11.2), we have 

(11.7) ft*. - ft* = \cn 2 + £>) _1 (fi 2 - fti)(Cfti + d) -1 

and 

(11.8) ft*, - ft* = 1 {cn 2 + d)- 1 (n 2 - ft7) (cnr + ^r 1 

Let ft = X + jY G M n with X,Y G R( n > n ). If ft* = M -ft, then we write 
fi* = X* + iY* with X*,Y* G R( n - n ). Then by (11.8), 

(11.9) n* -TF= \cn + d)- 1 ^ -n)(cTl + d)- 1 

and hence 

(11.10) Y* = *(Cft + D)- l Y(CTl + D)~ l . 
Therefore we obtain 

(11.11) dety*= detY • \det(Cn + D)\~ 2 . 
And 



dn* = d{M-fl) = d{{An + B)(Cn + D)- 1 } 

= Adfi(cn + d)- 1 - {An + B)(cn + d^c dn (cn + d)- 1 

= \C^l + D)- 1 {VL( t CA- l AC) + ( f DA — t BC)}dfl(Cn + D)" 1 

= \cn + Dy 1 dn(cn + d)- 1 . 

Thus we have 

(11.12) dn* = \cn + Dy 1 dn(cn + D)- 1 . 
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By Formulas (11.10) and (11.12), 

ds 2 = a{Y- 1 d^Y- 1 dTi) 
is invariant under the action (11.6) of Sp(n,M). For f2 = il n 

ds 2 = (dxi + dyl) + 2 £J (dx% + dy 2 i3 ). 

i=l l<*<i<i 

Since Sp(n, R) acts on H n transitively, ds 2 is an Sp(n, M)-invariant Riemann- 
ian metric on H n . 

The tangent space Tn(W n ) of H n at Q is identified with the vector space 
Sym(n, C) consisting of all n x n symmetric complex matrices (cf. (12.20) in 
Section 12). By (11.12), the differential 

dM n : Th(H n ) — ► T M . n (M n ) 

of the symplectic transformation M at £1 is given by 

(11.13) dM n (W) = t {CQ + D)- 1 W(Cn + D)- 1 , W G Sym(ra,C). 

We can see that the Jacobian of the symplectic transformation M G Sp(n, C) 
is given by 

det(Cft + L>)~ 



0(0) 

where 0* = M ■ fi with M = ^ ^ G 5p(n,R). 

Finally we describe the universal covering group of Spin, R) using the 
so-called Maslov index. Let (V, B) be a symplectic (real) vector space of 
dimension In with a non-degenerate alternating form BonV. A subspace 
of (V, B) such that B(x, y) = for all x, y G L is said to be totally isotropic. 
For a subspace L of (V, 5), we will denote by L 1 - the orthogonal complement 
of L in F relative to £>, i.e., 

L x = {x G y | B(x,y) = for ally GF}. 

If L is a subspace of (V,B) such that L = L^, then L is called a Za- 
grangian subspace of (V, B). If L is a totally isotropic subspace of V such that 
B(x,L) = implies x G L, then L is said to be maximally totally isotropic. 
We note that if L is a Lagrangian subspace of (V, B), then dimL = n because 
dim L + dim L 1 - = 2 n. 

Let Sp(B) be the symplectic group defined by 

Sp(B) = { g G GL(V) | B{gx, gy) = B(x, y) for all x, y G V } . 

Definition 11.4. Let L\,L2,L^ be three Lagrangian subspaces of V. The 
integer t(L\, L 2 , L3) is defined to be the signature of the quadratic form 
Q(x\ + X2 + xs) on the 3 n-dimensional vector space L\ © L2 © defined 
by 

+ x 2 + x 3 ) := x 2 ) + B(x 2 , x 3 ) + -B(x 3 , xi), 
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where x\ G L±, 12 S L 2 and x 3 E L 3 . The integer t[L\, L 2 , L 3 ) is called the 
Maslov index of (V, B). 

Lemma 11.5. Let L\,L 2 ,L 3 be three Lagrangian subspaces of (V,B). Then 
we have the following properties : 

(1) The Maslov index is Sp(n,M.) -invariant, i.e., for any g £ Sp(n,R.), we 
have r(gL 1 ,gL 2 ,gL 3 ) = t(L 1 ,L 2 ,L 3 ). 

(2) t(Li, L 2 , L 3 ) = -t(L 2 ,L u L 3 ) = —t(L\, L 3 , L 2 ). 

Proof. It follows immediately from the definition. □ 

For a sequence (L\,L 2 ,--- ,L k ) with k > 4 of Lagrangian subspaces of 
(V, B), we define the generalized Maslov index t{L\, L 2 , • • • , L^) by 

t(Lx,L 2 ,--- ,L k ) = t(L 1 ,L 2 ,L 3 ) + t(Li,L 3 ,L 4 ) H h t(L\, L k -i, L k ). 

Proposition 11.6. (1) The Maslov index t(L\, L 2 , ■ ' ' ,L k ) is invariant 
under the action of the symplectic group Sp(B), and its value is unchanged 
under circular permutation. 

(2) For any Lagrangian subspace L\, L 2 , L 3 , L[, L 2 , L' 3 , we have 

t(L' 1} L' 2 , 4) = r(Lx, L 2 , L 3 ) + t(L[, L> 2 , L 2 , L x ) + r(L' 2 ,L' 3 , L 3 , L 2 ) 
+ t(L' 3 ,L[,L 1 ,L 3 ). 

Proof. See [2H pp. 45-46]. □ 

Let A be the space of all lagrangian subspaces of (V, B). Then may be 
regarded as a closed submanifold of the Grassmannian manifold of all n- 
dimensional subspaces in IR 2n . We define 

A := A x Z = { (L,u) \ L e A, ueZ}. 

We fix a lagrangian subspace Lq of (V, B). Let (Lx,u{) £ A and let % be 
a neighborhood of L\. Let L 2 be a Lagrangian subspace of V transverse to 
L\. We define 

C/(Li,«i;^,X 2 ) := {(L,u) \ L £ <%f , u = u x + t(L, L , Li, L 2 ) }. 

Then it is proved in Proposition 1.9.5 in [21] that the set of all such U(Li,u\; ^ , 
form a neighborhood for a topology on A. Let ir : A — > A be the projection 
defined by ir(L,u) = L. Clearly it is a continuous map and hence A is a 
covering of A. 

Let be a fixed element of A. We define the group 

(11.14) SplB), := Sp(B) x Z 

equipped with the multiplication law 

(91, ni) • (92, n 2 ) = (gig 2 ,ni + n 2 + r(L if ,g x L if ,gxg 2 L if )), 
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where gi,g2 G Sp(B) and n\, n 2 G Z. Then it is easy to see that Sp(B) Jf acts 
on A by 

(g, n) • (L, u) = (gL, n + u + r(L*, gL*, gL)) , 

where g G Sp(B), n,u G Z and L G A. 

Let L 2 be a lagrangian subspace of (V, B) transverse to L* and if be a 
neighborhood of e in Sp(B), where e is the identity element of Sp(B). We 
define 

W(£,L 2 ) :={(g,-T(gL*,L 2 ,L*)) \g£<?}. 
Then the set of all such W(<£,L2) , s form a fundamental system of neigh- 
borhoods of (e, 0) on Sp(B) :¥ . Therefore Sp(B) >l: has the structure of a 
topological group. It is easily seen that SplB)^ acts on A continuously. 

Definition 11.7. An oriented vector space of dimension n is a pair (W, e), 
where W is a real vector space of dimension n and e is an orientation of W, 
i.e., a connected component of A n L — {0}. If (W\,ei) and (H^,^) are two 
oriented vector spaces of dimension n and A is a linear invertible map from 
W\ to W 2 , we define the sign of the determinant of A denoted by 5(A) = ±1, 
by the condition 

(A n A) ei = c6(A) e 2 with c > 0. 

L and M be two Lagrangian subspaces of a symplectic vector space (V, B). 
We define <?m,l : L — ► M* by (gM,L(x),y) = B(x,y) for all x G L and 
y G M. Here M* denotes the dual vector space of M. Let (Li,£i) and 
(L>2, £2) be two oriented Lagrangian subspaces of (V, 5) which are transverse. 
Then #l 2 ,Li : {Li,£i) — ► (-^2, £2)- We define 

C((Li,£i),(L 2 ,£ 2 )) := 5(g L2 , Ll ). 

This depends only on the relative orientation of (Li,£i) and (L 2 ,£ 2 )- More 
generally if Li and L2 are not transverse, we define (Li,£i) and (L,2,£2) 
as follows: Let £ be an orientation of H = L\ n Then £ defines an 
orientation (i = 1, 2) on Li/H by £j A £ = £j. Since L\/H and L2/H are 
two transverse subspaces of (Li + L2)/H = H ± /H, we can define 

e((Li,ei),(L2,e 2 )) := ^{{L^H^^/H,^)). 

We observe that this is independent of the choice of the orientation e of H 
because E\ and £ 2 change simultaneously if we change e to — e. 



If Li = L 2 , we define 

e((Li,ei),(L 2 ,e 2 )) := 



1 if £1 = £ 2 , 
-1 if £1 / £ 2 . 
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Definition 11.8. Let (L\,e{) and (£2,62) be two oriented Lagrangian sub- 
spaces of a symplectic vector space (V,B). We define 

s((Li,sx), (1,2, £2)) := (^) n - dim{LinL2) e((^i^i),(i2, £2 )). 

Definition 11.9. Let L be a Lagrangian subspace of a symplectic vector 
space (V,B). We choose an orientation L + on L. We define the map sl '■ 
Sp(B) — ► C by 

s L (g) := s(L+,gL + ), g € Sp(B). 

This is well-defined because s_l(<?) is independent of the choice of the 
orientation on L. 

We define the map s* : Sp(B)^ — ► C by 

s*(g,n) := s Lt (g), g£Sp(B),n£Z. 

Lemma 11.10. s*(g,n) is a character of Sp(B)^ with values in Z/4Z. 

Proof. The proof can be found in |21| p. 72]. □ 

We see that the kernel of s* is the universal covering group of Sp(B) and 
the fundamental group iri(Sp(B)) of Sp(B) is isomorphic to Z. Therefore 

Sp(B)^ is the union of four connected components such each of them is 
simply connected. 

We now consider the group 

Sp(B,L,) := Sp(B) x 

equipped with the multiplication law 

(gx,h) ■ (92, h) = {gig2, M2c*(3i,5 2 )), 

where 51,52 £ Sp(B), t\, ti G C* and 

It is easily checked that the 93 : Sp(B)^ — > Sp(B,L*) defined by 

TOii) :=(5,e^ J, g e Sp{B), neZ 
is a group homomorphism. We define 

(11.15) Mp(B)* := { (<?, *) G 5p(B, L0 | t 2 = s L . (s)- 1 ) . 
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12. Some Geometry on Siegel Space 

For f2 = (wjj) 6 M n , we write = X + i Y with X = (aiy), Y = (y^) real 
and <if2 = (dcoij). We put 

9 / 1 + 5ij d \ , 9 (l + 5ij d 



and 



C. L. Siegel [35J introduced the symplectic metric ds on H n invariant under 
the action (11.5) of Sp(n,M) given by 

(12.1) ds 2 = a{Y- l dVL Y^dtt) 



(12.2) A= Aa[Y[Y-L^ ° 



and H. Maass |22j proved that its Laplacian is given by 

.d_\ dj 
tin) on, 

And 

(12.3) dv n (n) = (detY)-(™ +1 ) 11 d Xij 11 d Vij 

is a Sp{n, R) -invariant volume element on H n (cf. [37], p. 130). 

Theorem 12.1. (^Siegel [35\). (1) There exists exactly one geodesic joining 
two arbitrary points Oo, £l\ in H n . Lei i2(r2o,^i) 5e i/ie cross-ratio defined 
by 

(12.4) i?(O ,fti) = (O -^i)(^o-^i) _1 (^o-^i)(^o-^i) _1 - 

For brevity, we put i?* = i2(f2o,^i). F/ien i/ie symplectic length p(Oo,Oi) 
o/ i/ie geodesic joining Qq and Q± is given by 




(12.5) p(O ,Oir = o- ( ( lo 
where 

(2) For M £ Sp(n,R), we set 

n Q = M-Q and Oi = M ■ VL X . 

Then R(Qi,£lo) and .R(Oi,f2o) have the same eigenvalues. 

(3) All geodesies are symplectic images of the special geodesies 

(12.6) a(t) = idiag(a i 1 ,a' 2 , • • • ,0,1), 
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where ai, «2, • • ■ , a n are arbitrary positive real numbers satisfying the condi- 
tion 

n 

^(loga fe ) 2 = l. 
fc=l 

The proof of the above theorem can be found in [35J, pp. 289-293. 
Let 

D n = | w e c (n ' n) | w = *w, i n - ww > o } 

be the generalized unit disk of deg ree g. Xhe Cayley transform \I/ : O n — > 
H n defined by 

(12.7) V(W) =i(I n + W)(I n -W)-\ WeO n 

is a biholomorphic mapping of O n onto H n which gives the bounded realiza- 
tion of H„ by D n (cf. [35]). A. Koranyi and J. Wolf [20] gave a realization of 
a bounded symmetric domain as a Siegel domain of the third kind investi- 
gating a generalized Cayley transform of a bounded symmetric domain that 
generalizes the Cayley transform ^ of D n . 

Let 

(12.8) T = ^ F ( I T n In T 
be the 2n x 2n matrix represented by Then 



(12.9) T- L S P (n,R)T 



P Q 
Q P 



l PP - l QQ = I n , l PQ = f QP 



Indeed, if M = ^ G Sp(n,M), then 

(12.10) T- X MT 
where 

(12.11) P= }-{ {A + D)+i{ B-C)} 
and 

(12.12) Q = ±{(A-D)- i(B + C)}. 
For brevity, we set 

G* = T _1 Sp(ra,K)T. 
Then G* is a subgroup of SU(n,n), where 

SU(n, n) = { h e C^'") | *W n > = 7 n , n } , /„,„ = 

In the case n = 1, we observe that 

r _1 Sp(l,K)T = T" 1 SL 2 (M)T = SU(1, 1). 



4 

-/„ 
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If n > 1, then G* is a proper subgroup of SU{n,n). In fact, since t TJ n T = 
-i,J n , we get 

(12.13) G* = j/t € SU(n,n) \ l hJ n h = J n } = SU(n,n) n 5p(n,C), 
where 

5p(n,C) = |a G c (2n ' 2n) | *a J n a = J n }. 

Let 

Z = *Z G C (n ' n) 



P H 



o I n , 

be the P + -part of the complexification of G* C SU(n, n). We note that the 
Harish- Chandra decomposition of an element ( ^ ^ ) in G* is 



W G 



Q P 

Q p) v° 4/1 o P^ Q Jn 

For more detail, we refer to [19, p. 155]. Thus the P + -component of the 
following element 

'P_ Q\ (I n 
K Q P) ■ \0 I n 

of the complexification of G^ is given by 

(1214) (In {PW + Q){QW + PY l \, 

\ Pt / 

We note that QP 1 G D n . We get the Harish- Chandra embedding of D n 
into P + (cf. [19j p. 155] or [33j pp. 58-59]). Therefore we see that G* acts 
on D n transitively by 

(12.15) f| = (P^+Q)(QW+P)- 1 , (| ^ G G* 5 W G D n . 

The isotropy subgroup K* of G* at the origin o is given by 

'P (T 



P 



P G C/(n) 



Thus G*/K* is biholomorphic to D n . It is known that the action (11.6) is 
compatible with the action (12.15) via the Cayley transform ^ (cf. (12.7)). 
In other words, if M G Sp(n,M) and W G D„, then 

(12.16) M ■ ^(W) = ^(M* • W), 

where M* = T' X MT G G#. 

For W = (i%) G D„, we write <iVK = (dwij) and dVF = (dwij). We put 

5 n + <% d \ , 5 fl + Sij d 

' and -= - ' 
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Using the Cayley transform ^ : D n — ► H n , Siegel showed (cf. [35]) that 
(12.17) dsl = 4o-f(I n - WW^dW {I n -WW)- l dW 



is a G*-invariant Riemannian metric on O n and. IVlaass |22j showed, that its 
Laplacian is given by 

(12.18) A, = a ((/„ - WW)[{I n - WW)^j A 

Now we discuss the differential operators on invariant under the action 
(11.6). The isotropy subgroup K at i/ n for the action (11.6) is a maximal 
compact subgroup given by 

K=l(t ~f\ A*A + B l B = I n , A l B = B% A,B g R (n ' n) J . 

Let t be the Lie algebra of K. Then the Lie algebra sp(ra, M) of Sp(n, M) has 
a Cartan decomposition sp(n, M) = 6 © p, where 

p = {(y -x) I x = * x ' Y = * y ' X,Y G R(n ' n) } ' 

The subspace p of sp(n,]R) may be regarded as the tangent space of M n 
at il n . The adjoint representation of G on sp(n,IR) induces the action of K 
on p given by 

(12.19) k-Z=kZ t k, keK,Zep. 

Let T n be the vector space of n x n symmetric complex matrices. We let 
ip : p — ► T n be the map defined by 

(12.20) Y )) = X + iY, (* V)ep- 



Y -X) ) ' ' \Y -X / 

We let 8 : K — ► U(n) be the isomorphism defined by 

< 12 - 21 > *{{t ~I)) = A + iB ' (b ~!)^ K ' 

where U{n) denotes the unitary group of degree n. We identify p (resp. K) 
with T n (resp. U(n)) through the map VP (resp. 5). We consider the action 
of U (n) on T n defined by 

(12.22) h-Z=hZ t h, h E U(n), Z S T n . 

Then the adjoint action (12.19) of K on p is compatible with the action 

(12.22) of U(n) on T n through the map r ip. Precisely for any k G K and 
uj E p, we get 

(12.23) ^){ku: t k) = 8{k)^{u) t 8{k). 

The action (12.22) induces the action of U(n) on the polynomial alge- 
bra Pol(T n ) and the symmetric algebra S(T n ) respectively. We denote by 

Pol{T n ) u( -^ (resp. S{T n ) u ^ ) the subalgebra of Pol(T n ) (resp. 5(T 
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consisting of {/(n)-invariants. The following inner product ( , ) on T n de- 
fined by 

(Z,W) = tr(ZW), Z,W£T n 
gives an isomorphism as vector spaces 

(12.24) T„^T*, Z^f z , ZeT n , 

where T* denotes the dual space of T n and fz is the linear functional on T n 
defined by 

f z (W) = (W,Z), W 6 T n . 

It is known that there is a canonical linear bijection of S(T n ) u ^ onto the 
algebra D(H n ) of differential operators on IHI n invariant under the action 
(11.6) of Sp(n, IR). Identifying T n with T* by the above isomorphism (12.24), 
we get a canonical linear bijection 

(12.25) $ : Pol(T„) c/ ( n ) — ► B(H n ) 

of Pol{T n ) u ^ onto D(H n ). The map $ is described explicitly as follows. 
Similarly the action (12.19) induces the action of K on the polynomial al- 
gebra Pol(p) and S(p) respectively. Through the map ip, the subalgebra 
Pol(p)^ of Pol(p) consisting of .fT-invariants is isomorphic to Pol(T n ) f/ ( n ). 
We put N = n(n+1). Let {£ a | l<a<iV}bea basis of p. IfPePol(p) K , 
then 



(12.26) (*(F)/)( 9 K) 




(t a )=0 

where / £ C°°(M n ). We refer to |1 1|. [T2] for more detail. In general, it is 
hard to express <3?(-P) explicitly for a polynomial P E Pol(p)^. 

According to the work of Harish-Chandra [HJ [TO], the algebra D(H n ) is 
generated by n algebraically independent generators and is isomorphic to the 
commutative ring C[xi, • • • ,x n ] with n indeterminates. We note that n is 
the real rank of Sp(n, M). Let sp(n, C) be the complexification of sp(n, M). It 
is known that D(H n ) is isomorphic to the center of the universal enveloping 
algebra of spin, C) (cf. [34]). 

Using a classical invariant theory (cf. [131140] ). we can show that Pol(T n ) t/ ( n ) 
is generated by the following algebraically independent polynomials 

(12.27) qj (Z) = tr((ZZ) j ), j = l,2,---,n. 

For each j with 1 < j < n, the image &(qj) of qj is an invariant differ- 
ential operator on H n of degree 2j. The algebra D(H n ) is generated by n 
algebraically independent generators 3>(<7i), ^fe), ■ • • , $(ln)- I n particular, 

/ V d \ d \ 

(12.28) 3>(<Zi) = citr [Y F— — for some constant c\. 
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We observe that if we take Z = X + iY with real X, Y, then qi(Z) = 
qi(X,Y) = tv(X 2 +Y 2 ) and 

q 2 (Z) = q 2 (X,Y) = tr((X 2 +Y 2 ) 2 + 2X(XY -YX)Y^. 

We propose the following problem. 
Problem. Express the images &(qj) explicitly for j = 2, 3, • ■ ■ , n. 

We hope that the images $(qj) for j = 2, 3, ■ ■ ■ , n are expressed in the 
form of the trace as <&(qi). 

Example 12.1. We consider the case n = 1. The algebra Pol(Ti) t/ ^ 1 -' is 
generated by the polynomial 

q(z) = zz, z G C. 

Using Formula (12.26), we get 

Therefore D(Hi) = C [$(<?)]. 

Example 12.2. We consider the case n = 2. The algebra Pol(T2) C7 ( 2 ) is 
generated by the polynomial 

qi (Z)=a(ZZ), q 2 {Z) = <r((ZZ) 2 ), Z € T 2 . 

Using Formula (12.26), we may express $(gi) and $(92) explicitly. < I ) ((j , i) 
is expressed by Formula (12.28). The computation of ^{q 2 ) might be quite 
tedious. We leave the detail to the reader. In this case, &{q 2 ) was essentially 
computed in [3j, Proposition 6. Therefore OQHk) = C[&(qi),Q(q 2 )~\. The 
authors of [3] computed the center of f7(sp(2, C)). 

Now we describe the Siegel's fundamental domain for r n \HI n . We let 

V n = {Ye R (n ' n) I Y = l Y > } 

be an open cone in K with N = n(n + l)/2. The general linear group 
GL(n, R) acts on V n transitively by 

(12.29) goY-^gY'g, g G GL(n,M), Y G V n . 

Thus V n is a symmetric space diffeomorphic to GL(n, M)/0(n). 

The fundamental domain lZ n for GL(n,Z)\P n which was found by H. 
Minkowski [25] is defined as a subset of V n consisting of Y = (y,j ) G V n 
satisfying the following conditions (M.1)-(M.2) (cf. [14J p. 191 or [23] p. 123): 

(M.l) aY l a > ykk for every a = (a^) G Z" in which a&, • • ■ , a n are 
relatively prime for k = 1, 2, • • • ,n. 

(M.2) y M+1 >0 for fc = !,-•• ,n-l. 
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We say that a point of lZ n is Minkowski reduced or simply M-reduced. 7Z n 
has the following properties (R1)-(R4): 

(Rl) For any Y £ V n , there exist a matrix A E GL(n,Z) and R E lZ n 
such that Y = R[A] (cf. [14] p. 191 or [23] p. 139). That is, 

GL(n,Z)oK n = V n . 

(R2) n n is a convex cone through the origin bounded by a finite number 
of hyperplanes. 1Z n is closed in V n (cf. [23] p. 139). 

(R3) If Y and Y[A] lie in TZ n for A £ GL(n, Z) with A / ±I n , then F lies 
on the boundary dlZ n of 7£ n . Moreover lZ n n (7£ n L4]) 7^ for only finitely 
many A £ Z) (cf. [23] p. 139). 

(R4) If Y = (yij) is an element of lZ n , then 

2/11 < V22 < ■ ■ ■ < Vnn and \yij\ < ^yu for 1 < i < j < n. 

We refer to [H] p. 192 or [23J pp. 123-124. 
Remark. Grenier [8] found another fundamental domain for GL(n,Z)\P n . 

For Y = (yij) £ V n , we put 



dY = (dyij) and — 



d fl + Sij d 




' ' ' ay v 2 %. 

Then we can see easily that 

(12.30) ds 2 = <r((Y- l dY) 2 ) 

is a GL(n, M)-invariant Riemannian metric on V n and its Laplacian is given 
by 

A 

We also can see that 

dfM n (Y) = (detYy^Hdyij 

is a GL(n, M)-invariant volume element on V n . The metric ds 2 on V n induces 
the metric ds 2 ^ on 1Z n . Minkowski [25] calculated the volume of 1Z n for the 
volume element [dY] := Yli<j dyij explicitly. Later Siegel computed the 
volume of lZ n for the volume element [dY] by a simple analytic method and 
generalized this case to the case of any algebraic number field. 

Siegel [35] determined a fundamental domain T n for r n \H n . We say that 
0, = X + i Y £ M n with X, Y real is Siegel reduced or S-reduced if it has the 
following three properties: 

(5.1) det(Im (7 • Q)) < det(Im (U)) for all 7 £ T r 

(5.2) Y = Imfi is M-reduced, that is, Y £ TZ r , 
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(S.3) \xij\ < h for 1 < i, j < n, where X = (x l;J j 
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T n is defined as the set of all Siegel reduced points in HI n . Using the highest 
point method, Siegel proved the following (F1)-(F3) (cf. [14] pp. 194-197 or 
[23] p. 169): 

(Fl) r n • T n = Bn, i.e., H n = U 7e r n 7 • ^n- 
(F2) T n is closed in H n . 

(F3) T n is connected and the boundary of T n consists of a finite number 
of hyper planes. 

The metric ds 2 given by (12.1) induces a metric dsjr on T n . 
Siegel [35] computed the volume of T n 

n 

(12.31) vo\(T n ) = 2 HiT- k T(k)((2k), 

k=l 

where T(s) denotes the Gamma function and £(s) denotes the Riemann zeta 
function. For instance, 
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13. The Weil Representation 

We recall that for a real symmetric positive definite matrix c G R( m ' m ) , the 
Schrodinger representation U c of H^' m ^ is defined by Formula (5.8) (cf. (6.45)). 
For convenience, we rewrite Formula (5.8) 

(5.8) (U c (g )f)(x) = e 2^(c(«o+Mo%+2,Vo)) /(x+Ao) 

for g = (Ao,/io,«o) G #r ' m) , a: G and / G L 2 (M( m '™)). 

We let 

G J = Sp(n,M) k H^' m ^ (semi-direct product) 
be the Jacobi group endowed with the following multiplication law 

(M, (A, m,k))(m', (A', /*',/«')) = (mM'^AtV^+^k+k'tAV-^')) 

with M, M' G Sp(n,R),(A,/x,rc), (A', //,«') G fli"'" and (A, /I) = (A,/x)M'. 
Then Sp(n,M) acts on H^' m ^ by conjugation inside G J 

(13.1) M * (A, /x, k) = M(A, /x, rc)M _1 = (A*,/i*, k), 

where M G Sp(n,K), (A,/i,«) G H^ m) and (A*,/z*) = (A,/i)Af- 1 . 

We fix an element M G Sp(n, R). We consider the mapping of H^' m ^ 
into Aut(L 2 (R( m ' n ))) defined by 

(13.2) l/f fo) = C/ C (M* 5 ) = U c {MgM- 1 ), g G 4"' m) . 

Lemma 13.1. Uf is an irreducible representation of H^' m ^ on L 2 (R^ m,n ^ 
such that 

f7 c M ((0, 0, k)) = U c ((0, 0, k)) for all k = 1 k G R( m > m ). 
T/ras £7^ is unitarily equivalent to U c . 

Proof. If gi,g 2 G H^' m \ then 

^ c M (ffi52) = U c (M*{g 1 g 2 )) = U c (M(g 1 g 2 )M- 1 ) 

= [^((M^M-^CM^M- 1 )) 

= U c (Mg 1 M- 1 )U c (Mg 2 M- 1 ) 

= U c M ( 9l )U^(g 2 ). 

Thus £7^ is a representation of H^' m \ The irreducibility of £7^ follows 
immediately from that of £7 C . It is easily seen that 

C/ c m ((0,0,k)) = £/ c (M*(0,0,k)) = 17 C ((0, 0, k)) for all k = *k G M (m ' m) . 

Therefore it follows from Stone- von Neumann Theorem that U^ 1 is unitarily 
equivalent to £7 C . □ 
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Since U^r is unitarily equivalent to U c , there exists an unitary operator 
R C (M) : L 2 (R( m ' n )) — ► L 2 (R( m < n )) such that U^{g) R C {M) = R C {M) U c (g) 

for all g G H^' m \ For convenience, we take R c (I 2 n) = Ic, where I c is the 
identity operator on L 2 (R( m ' n )). We observe that R C (M) is determined 
uniquely up to a scalar of modulus one. For any two elements M±,M 2 
of Sp(n,R), the unitary operator R C (M 2 )~ 1 ^(Mi)" 1 R C {M 1 M 2 ) commutes 

with U c . Indeed, for any element g G H^' m \ we have 



U c (g) Rc^y 1 R c (Mi)~ l R^MM) 
= R^M^U^ig) ^(Mx)- 1 i? c (M!M 2 ) 
= R c {M 2 )~ l U c {M 2 g) RdM^ 1 i? c (M!M 2 ) 
= i? c (M 2 ) _1 RdlVh)- 1 U? h (M 2 g) R C (M 1 M 2 ) 
= RciAh)- 1 RdM^ 1 V c {M x M 2 g) R C {M X M 2 ) 
= R C (M 2 )~ 1 -R c (Mi) _1 R c (MiM 2 ) U c (g). 



According to Schur's lemma, we obtain a map a c : Sp(n,IR) x Sp(n, R) — ► 
satisfying the condition 

(13.3) R C (M 1 M 2 ) = a c (M l5 M 2 ) R C {M{) R C {M 2 ) 

for all Mi,M 2 G 5p(n, R). Thus i? c is a projective representation of Sp(n, M) 
with its multiplier a c . 

Lemma 13.2. The map a c satisfies the cocycle condition 

(13.4) a c {M 1 M 2 ,M 3 )a c {M 1 ,M 2 ) = a c (M u M 2 M 3 ) a c (M 2 , M 3 ) 
for all M 1 ,M 2 ,M 3 € Sp(n,R). 

Proof. Let M 1 ,M 2 ,M 3 G Sp(ra,R). Then according to Formula (13.3), 
RciiM^M^ = a c (M 1 M 2 ,M 3 )R c (M 1 M 2 )R c (M 3 ) 

= a c {M x M 2 , M 3 ) a c (M u M 2 ) R C (M ± ) R C {M 2 ) R C (M 3 ) 

and 

i? c (M!(M 2 M 3 )) = a c {M 1 ,M 2 M 3 )R c (M 1 )R c (M 2 M 3 ) 

= a c (M 1 ,M 2 M 3 ) a c (M 2 , M 3 ) R C (M ± ) R C (M 2 ) R C (M 3 ) 
Hence we obtain the cocycle condition (13.4). □ 

For M = d) e Sp<yn ' ^ and ^ 6 Hn ' We put 

(13.5) J(M,Q) = det(Cn + D) 
and 

(13.6) J-(M,fi) - J(M ' !i > 1 ' 2 



|J(M, Si)V2|' 
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In fact, if M\. M 2 G Sp(n,M), the cocycle a c (M±, M 2 ) is given by 

J*(M 1 ,iI n )J*{M 2 ,iI n ) 



(13.7) a c (M u M 2 ) 



J*(M 1 M 2 ,iI n ) 



The cocycle a c yields the central extension Sp(n,]R)* of Sp(n,'R) by C*. 
The group Sp(n,M.)* is the set Sp(n,R) x with the following group mul- 
tiplication 

(13.8) (AMi) • (M 2 ,t 2 ) = (M 1 M 2 ,t 1 t 2 a c (M 1 ,M 2 )- 1 ) 

for all Mi,M 2 G Sp(n,R) and ti,i 2 G C*. We see that the map # c : 
Sp(n,R)* — ► Aut(L 2 (R( m '™))) defined by 

(13.9) Rc(M, t) = t R C (M), M G Sp(n, K), t £ C\ 

is a true representation of Sp(n, R)*. We define the function s c : Sp(n, M) — ► 
q by 

(13.10) s c (M) = \J(M,iI n )\ J(M,i/ n ) _1 , Me5p(n,M). 
The following subset 

Mp(n,R) = {(M,t) G Sp(ra,M)* | t 2 = s c (M) _1 } 

is a subgroup of Sp(n,M.)* that is called the metaplectic group. We can show 
that Mp(n,R) is a two-fold covering group of Sp(n,M). The restriction lo c 
of -R c to Mp(n, R) is a true representation of Mp(n, R) which is called the 
H^ei/ representation of Sp(n, R) 

Now we describe the action of w c explicitly It is known that Sp(n, R) is 
generated by the following elements 

t b = ^ 7 6 ^ with 6 = *b G M (n ' n) , 

d a = with a G GL(n, R), 

-J, 



Cn = 







Theorem 13.3. TTie actions of uj c on the generators tb, d a and a n of 

Sp(n,M) are given by 

(13.11) Mt 6 )/)(s) = e 2 ^ CT ( c:Efet:c )/(x), 

(13.12) (w c (da)/)(x) = (deta)T/(x*o), 

(13.13) K(a n )/)(x) = (?) 2 (detc)f / f{y)e~^ i ^ '*> dy, 

\ 1 / Jr(™.™) 

w/iere / G L 2 (R( m ' n )) and x G R( m ' n ). 
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Proof. Let g = (A, /*,/«) G fl£ n ' m) , x G M (m ' n) and / G L 2 (R( m > n )). For for 
each t b G Sp(n,R) with 6 = % G R( n ' n ), we put 

(T c (t b )f)(x) = e 27ri ^ cxbt ^ f{x) for all / G L 2 (R^) . 

Then 

{Tc(t b )U c (g)f)(x) = e 2 --(-^) (U c (g)f)(x) 

_ e 2iricr(cxb t x) _ g 2 vr j <t(c(k+^ * A+2:r _|_ ^\ 

_ e 2iria(c(K+n t \+2x t n+xb t x)) _|_ ^\ 

Since t b * (A, /x, k) = t b (X, fi, k) t^ 1 = (A, —A b + /x, re), we obtain 

{u2>(g)T c (t b )f){x) 
= (U c (t b *g)T c (t b )f)(x) 
= (U c (X,-Xb + f i,K)T c (t b )f)(x) 

= e 2m CT (c( K +(-A 6+m) « A+2x*(-A6+ M ))) ^ ^ + ^ 

_ e 2Tvio-(c(K+(~\b+fi) t \+2x t (-\b+n))) _ e 2 7rja(c(a:+A)b t (a;+A)) J( x _|_ \) 

_ g 2 7r i<T(c(K+/i* A+2a; t fi+xb t x)) _|_ ^ 

Therefore 

T c {t b )U c {g)f = Ul»{g)T c {t b )f 

for all 6 = *6 G M^, G i?i n ' m) and / G L 2 (R( m ' n )). 
Since T c (t ) = T c (I 2n ) =I C = oJ c (hn), we see that 

u c (t b )=T c {t b ) for all6 = *6GM (n ' n) . 

We recall that I c is the identity operator on L 2 (R( m ' ra )) . 

On the other hand, for each / G GL(n,R) and / G L 2 (lR( m > n )), we put 

(A c (d a )f)(x) = (det a) f /(x'a). 

Then we have 

{A c {d a )U c {g)f){x) 
= (detap (C/ c ( 5 )/)(x'a) 
= ( det a) f e 2 ff * ^ * A+2 21 * a / (x 1 a + A) . 
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Since d a * (A, fi, k) = d a (X, fi, k) d~ l = (A*a _1 , /j, a, k), 

(U^(g)A c (d a )f)(x) 
= {U c (d a *g)A c (d a )f)(x) 
= (tf c (A*a-\/xa,/<)A c (4)/)(x) 

= e 2^ia(c(K+^a)H^a-')+2x*^a))) (A c (d a )f) (x + A*0 _1 ) 

= ( det a) f e 2 * i ^< K+ » ' A+2 x * a /(x *a + A). 



Thus 



Mda)U c {g)f = U^{g)A c {da)f 



for all a G GL(n, R), 3 G fl£ n,m) and / G L 2 (R^-™)) . 

Since y4 c (d/ n ) = I c = uj c (d[ n ), we obtain w c (eZ a ) = A c (eZ a ) for all a G 
GL(n, R). 

Finally we put 

( mn 
-) 2 (detc)? / /(y) e - 4 - CT ( c f^dy 

for all / G L 2 (R( m ' n )). 



{B c (* n )U c (g)f)(x) 

ran 

-) 2 (detc)f / (^ c ( 5 )/)(y)e" 4 ^ CT(cyta;) ^ 

Z / jR(n»,n) 
mn 

-) 2 (detc)t / e 2nia(c( K +^X+2y^)) . e ~^i ^V^) f {y + \) d y 

1 J jR(rn,n) 

ran 

2 ' 1 (detc)t e^i'WK+P**)) f e 4 ^ »(«»V*)) /( y + A) 
(detc)3e 2wi<T W' s+ ' t ' A » / e 4«^(R)'(M^)) 

JlH(rn,n) 
mn 

2 (detc)t e 2vrj CT (c( K +^ t A)) . e -47rio-(cA*(/i-x)) 

x / f(y)e 47Tia( - cyt ^- x)) dy 

mn 

~ 1 (detc)t e 27riCT ( c ( K --^V+2a;'A)) /" y( y j g -4 tt j a(c y ' (x-/i)) ^ 

Jn(rn,n) 



I 

2 \ 

i 



Since cr n * (A, /x, k) = <r n (A, /x, k) a n = (— //, A, /c), we obtain 
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{U^(g)B c (a n )f)(x) 
= (U c (a n *g)B c (a n )f)(x) 
= (U c (-fi,\,K)B c (a n )f)(x) 

= e 2ma(c( K -X^+2x t X)) (B c (<J n )f) (x — fJ,) 

(detc)t e 2vrj<T(c( K -A V+2 x'A)) / j \ g -4 tt j cr(c y 4 (a:-**)) j y _ 

Therefore 

B c (a n )U c (g)f = UZ«(g) B c (a n )f for all / G L 2 (lR( m ^). 
We note that we can take 

w c (<7 n ) = B c {a n ). 

Hence we complete the proof of the above theorem. □ 

Now we review some properties of u c . The Weil representation uj c is not 
an irreducible representation of Mp(n,M). In [15], Kashiwara and Vergne 
found an explicit decomposition of ui c into irreducibles. First we observe 
that the orthogonal group 0(m) acts on L 2 (lR( m ' n )) by 

(a ■ f)(x) = f(ar x x), a G 0(m), x G R^ m ' n \ f G L 2 (R^). 

This action commutes with u c . For each irreducible representation (a, V a ) 
of 0(m), we let L 2 (M.( m ' n ^; a) be the space of all T4--valued square integrable 
functions / : IR( m,n ) — > V a satisfying the condition 

f(a~ l x) = a(a- l )f(x) for all a G O(m), x G M( m > n ). 

We let o; c ((t) be the representation of Mp(n,lS.) on L 2 (M( m ' n ); cr) defined by 

the same formulas (13.11)-(13.13) in Theorem 13.3. We denote by 0{m) 

the unitary dual of 0{m). In other words, 0{m) is the set of all equivalence 
classes of irreducible representations of 0(m). Let 

S m :={(TeOH | L 2 (R^;a) / }. 

Kashiwara and Vergne proved that for any a G S m , the representation ui c {a) 
is an irreducible unitary representation of Mp(n,M) on L 2 (R( m,n ); a) and 
that u; c is decomposed into irreducibles as follows : 

UJ C = (J) (dimK)a; c (cr). 

We realize cj c (<t) in the space of vector valued holomorphic functions on 
M n . We note that M n is biholomorphic to the Hermitian complex manifold 
Sp(n,M)/K with K := U(n) via the map 

Sp(n,R)/K — ► M n , gK ^ g- (il n ), M G 
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Let K be the unitary dual of K. For any (r, V T ) G K, we let 0(M n , V T ) 
be the space of V^-valued holomorphic functions on H n . Let T T be the 
representation of Mp(n,R) on 0(M n ,V T ) defined by 

(13.14) (T T (M)/)(0) := t{\CSI + D))f(M- 1 ■ SI), 

where M" 1 = ^ G Sp(n, R), / G C(M n , F T ) and G H n . Here r can 

be extended uniquely to a representation of the complexification GL(n,C) 
of i^T. If v T is a highest weight vector of r, then ^(fi) := t(Q + H n )v T is 
a a highest weight vector of T T . It can be shown that T T is an irreducible 
representation of Sp(n,M) with highest weight vector & T . 

Definition 13.4. A polynomial / : M( m,ri ) — ► C is called pluriharmonic if 

m d 2 f 
^ dxkidxkj 

Let f) be the space of all pluriharmonic polynomials on ~M.( m ' n \ Then 
0(m) x GL(n, R) acts on fj by 

((a, a) ■ P) = P(a -1 za), a G O(m), a G GL(n, R), P E Sj. 

For (a, V^) G S m , we let £)(cr) be the space of all V^-valued pluriharmonic 
polynomials P : ]R( m > n ) — ► such that 

P(ax) = a{a- 1 )~ 1 P(x) for all a G O(m) and x G R (m ' ra) . 

Let t(ct) be the representation of GL(n, R) on £)(<r) defined by 

(r(a)(a)P)(x) = P(za) a G GL(n,R), P G fl(ff). 

For a G S m , we see that Sj(cr) ^ and r{a) is an irreducible finite dimen- 
sional representation of GL(n,R) on .fj(o'). They proved that the mapping 

a — ► r ( cr ) is an injection from S m into GL(n, R) and 

£ = © r(a)®(7* = £(^)®<x* 

as O(m) x GL(n, M)-module. 

Let a G E m . We assume that P : R( m ' n ) — ► Hom c (K(a), K) is a 
Homc(y r ( (7 ), V^)-valued pluriharmonic polynomial on R( m >™) satisfying the 
conditions 

(A) P(ax) = a{a- l Y l P(x) for all a G O(m) and x G M (m ' ra) 
and 

(B) P{xa) = P(x) (r(o-)(g)dett)(a) for all a G GL(n, R). 
The unitary operator 

: L 2 (M( m < n );a) — 0(M n , K (ct) ) 
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defined by 



(^/)(n):= / e* iai - xntx) P{xYf{x)dx, /eL 2 (R( m ' n ) i( j),fiei„ 

Jl!t(rn,n) 

intertwines coJa) with T , . , 
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14. Covariant Maps for the Weil Representation 

Let c be a symmetric positive definite real matrix of degree m. We define 
the map : U n — ► L 2 (lR( m ' n )) by 

(14.1) ^ c \Q)(x) := e 2T^(«n**) ) S] £ H n , x G M (m ' n) . 

We define the automorphic factor J m : Sp(n, R) x H n — ► C* for Sp(n, R) 
on H n by 

(14.2) J m (M,n) = det (CO + 

where M = ^ ^ G Sp(n,R) and f2 G H n . We see that Sp(n,W) acts on 
H„ transitively by 

(14.3) M ■ f2 = (^40 + B)(CJ1 + 
where M = ^ ^ G 5p(n,R) and G H n . 

Theorem 14.1. The map ^ (c) : H„ — > L 2 (R (m ^) defined by Formula 
(14-1) is a covariant map for the Weil representation uj c of Sp(n,M) with 
respect to the automorphic factor J m defined by Formula (14-2). In other 
words, J^( c ) satisfies the following covariant relation 

(14.4) uj c {m),^ (si) = j m {M, ny 1 ^ (M ■ ft) 

for all M G Sp(n, R) and Q G H n . 

Proof For M = G Sp(n,R) and Q G H„, we put 

(14.5) = m- n = (AQ + B)(cn + d)- 1 . 

In this section, we use the notations t b , d a and a n in Section 13. It 
suffices to prove the covariance relation (14.4) for the generators tj, (b = 
t b G M( n - n )), d a (a G GL{n,R)) and cr n of 5p(n,R). 

Case I. M = t b with b = % G R( n ' n ). 
In this case, we have 

= + b. 

By Formula (13.11) in Theorem 13.3, 

(u c (M),^ c Xtt)) (x) 
= (u c (t b )^ c \V)){x) 
= e 2nia ( cxbtx) J? {c) (Q)(x). 
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On the other hand, according to Formula (14.2), 



J m (M,17)- 1 ^W(M-^)(x) 
= ^ c \n + b)(x) 

e 2-Kia(cx(n+b) t x)) 

= e 2nia(cxbtx) ^ c \Q)(x). 

Thus 

for all b = l b G R( n >™) and VL G H n . Therefore we proved the covariance 
relation (14.4) in the case M = t b with b = l b G R( n ' n ). 

Case II. M = d a = ( ° M with a G GL(n, R). 



In this case, we have 

$7* = t aCla. 
By Formula (13.12) in Theorem 13.3, 

(u, c (M)^ c )(f})) (x) 

= (deto)T ^( c )(0)(x'a) 
= (deta)T ^^(c^a ft 

On the other hand, according to Formula (14.2), 

JmiM,^)- 1 ^ (M ■ n)(x) 
= (det(a- 1 )) 2 ^ c 'faOa)W 
= (deta)^ e 2wia{cxtanatx \ 

Thus 

Uc{daW (c) (O) = Jm(da, fi)" 1 .^ (4 ■ 0) 

for all a G GL(n,M.) and G H n . Therefore we proved the covariance rela- 
tion (14.4) in the case M = d a with d a G GL(n,R). 

Case III. M = a n = (j 

In this case, we have 

0, = -Q- 1 and J m (M,9) = (detfi) 2 . 

In order to prove the covariance relation (14.4), we need the following 
useful lemma. 
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Lemma 14.2. For a fixed element Q £ M n and a fixed element Z G C^ m ' n \ 
we obtain the following property 

(14.6) f e^ ia ^ tx+2xt ^dx xx ---dx mn 

m 

where x = (x^) 6 IR( m > n ). 

Proof of Lemma 14-2. By a simple computation, we see that 

m<r{xSl*x+2x t Z) _ -7ri<r(.Zfi _1 t Z) . g 7ri ^{(xH-ZQ" 1 )^ '(i+Z!!" 1 )} 

We observe that the real Jacobi group Sp(n, R) ix H^ ,m ^ acts on M n x C*" 1 '™) 
holomorphically and transitively by 

(14.7) (M, (A, jU, «)) ■ (n, Z) = (M ■ Q, (Z + A 9. + p)(Cfi + D)" 1 ) , 

where M G Sp(n,R), (A, /*,/«) G ^i"' m) , O e E n and Z e c( m '™). So we 
may put 

n=iA*A, Z = iV, iel^, F = ( % ) e M (m ' n) . 
Then we obtain 

= g-wi^Zn-^Z) f ^^[{x+iViiA^Ar^iiA^^x+iViiA^A)-^}] _ ^ 

7r(™.«) 

= -iria(Zn-itZ) [ e iri*[{x+V(AtA)-i}AtAt{x+V(AtA)-i}] dx dx 

JR(m,n) 

= e -^^n-^z) f e -T^)W)} dun ... dUmn 

J]g(m,n) 

(PutU = X + F(AU)- 1 = (Uij-)) 

= e-^i^zn-^z) I e - 7T ^ wtw \detA)- m dw 11 ---dw mn 
( Put to = = ) 



e -7ricr(Zn- 1 *Z) 



(?T1 71 \ 
II II / < ;: 
i= ij=i-/K y 

^^'^(deti)-" 1 (because f e~ 7TW ^dw ij = l foralH,j) 



e - m *(zn-^z) ( det ( A *4))- 

^.(ZQ-i'Z) f det f^ 



This completes the proof of Lemma 14.2. □ 
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According to Formula (13.13) in Theorem 13.3, 



2\ ~ 

i 



n)^ c) m) (X) 

(detc)* / ^ c \n)(y)e- 4ni ^ cytx '>dy 

( mn 
-) 2 (detc)§ / e 2nia{cy^y) _ e -^ia{cy^x) dy 

I ) jR(™,n) 

( mn 
-) 2 (detc)t f e m<r{c(y(2ny y + 2yt(-2 X ))} dy 

— 

If we substitute u = c 1 ' 2 y, then du = (detc) 2 dy. Therefore according 
to Lemma 14.2, we obtain 

^K)J^(ft)) (x) 

(detc) § / eW i<r(«(2n)*« + 2^««(-2x)) (detc) -f dn 



2\ ~ 

mn 

2 \ 2 /* e ««7(«(2S])' U + 2 U i Hc 1 /2 :c )) (iij 



1 J jR( m . n ) 



Hj 2 (det— J 2 e -«-((-2c 1 /^)(2n)-i'(-2 C '/2 l) ) 

= (detny^ e ~ 2nia(cxn ~ ltx \ 

On the other hand, according to Formula (14.2), 

J m (M,0)~ 1 ^ (c) (M-^)(x) 

= (det^-^e 2 ^^^-^ 1 )^ 
= (detft)^ e -2nia(cxn-^x)_ 

So we see that 

(14.8) uj c (a n )^(Q) = J m {a n ^Y l ,^ c \a n -n). 

Therefore the covariance relation (14.4) holds for the case a n = 



-I r 

In 

Since J m is an automorphic factor for Sp(n,~S.) on H n , we see that if the 
covariance relation (14.4) holds for Mi, M2 in Sp(n,M.), then it holds for 
M\Mi- Finally we complete the proof. □ 
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Now we can give another realization of the metaplectic group Mp(n, R) 
that was dealt with in Section 11 and Section 13. 

Proposition 14.3. Let (U c , H c ) be the Schrddinger representation of the 
Heisenberg group H^'"^ defined by Formula (5.8) with the model 7i c = 
L? (M.( m ' n \ d£) . We denote by U(H C ) the group of all unitary isomorphisms 

of Tic. Let Mp(c) be the set of all R G U(7i c ) such that 

RU c (g) = U c (M*g)R = U^MgM'^R 

for all g G H^' m ^ and for some M G Sp(n, M.). Then for a given element R G 

Mp(c), the corresponding M G Sp(n,R) is determined uniquely, denoted by 
M = v c (R). Moreover there is an exact sequence of groups 

(14.9) 1 — ►CJ — ► Mpf)-^ Sp(n,R) — > 1. 

Proof. First of all we observe that Mp(c) is a subgroup of U(7i c ). Let 
R G Mp(c), and M 1 ,M 2 G Sp(n,R) such that 

R U c (g) = U c (M l *g)R= U C {M 2 * g) R for all g G H^' m) . 

Then U c (M^g) = U c {M 2 *g) for all g G H^' m \ According to Formula (5.8), 

(M^M 2 )g = g{M^ l M 2 ) for all g G H^' m) . Thus M x = M 2 . It follows that 

the map v c : Mp(c) — ► Sp(n, M) is well defined, it is easily checked that v c 
is a group homomorphism. The kernel of v c is given by 

ker v c = | R G U(H C ) \ R U c {g) = U c {g) R for all g G H^' m) } . 

Since U c is irreducible and unitary, according to Schur's lemma, ker v c = CJ. 
The surjectivity of f c follows from the arguments in Section 13. □ 

According to Theorem 13.3, uj c (tb), uj c (d a ) and uj c (o n ) are members of 

Mp(c) sitting above the generators tj,, d a and cr n of Sp(n,M) respectively. 
That is, v c {<jj c (t h )) = t b , u c (u c (d a )) = d a and v c (u c (a n )) = a n . 

Theorem 14.4. Let P G Mp(c) and u c {P) = M = G Sp(n,R). 

Then for any SI G H n , 

p^ (c) {n)= B c (p-,n)^ c \M -n), 

where B C (P; Q) is, up to a scalar of absolute one, a branch of the holomorphic 
function { det(CSl + D)a }~" on H n . 

Proof. Let Gi be the subgroup of Mp(c) consisting of all P G Mp(c) such 
that 

P.^ {c) (SI) = c P J^ (c) (u c (P) ■ 0) for all SI G H n , 
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where cp is a constant depending only on P. For P G Gi, we write 

P^ {c) (Q) = B C (P; n) & (c) (u c (P) ■ Q) for all Q G H n . 

Let G2 be the set of all FeGi satisfying the following conditions (Gl) and 
(G2) : 

(Gl) B C (P; SI) is continuous in SI G H n ; 

(G2) {P C (P; SI)} 2 I det(Cft + £>)| m is independent of SI with values in CJ 

for 

^ C (P)= ^) €5p(n,R). 
It is easily checked that for P, Q G G 2 , 

(14.10) B c (QP;Sl) = B c (P;Sl) B c (Q;v 2 (P) ■ fi) for all 17 G H n . 
Indeed, we get 

(QP)J^ (c) (ft) = Q(PJ^ (c) (f})) 

= P c (P;tt) (Q(^ c V c (P)-ft))) 

= P C (P; 0) P C (Q; i/ c (P) • 0) ^ (i/ c (Q) • (u c (P) ■ SI)) 

= B C (P- SI) B C (Q; v c (P) ■ SI) ^ {u c (QP) ■ SI)) . 

By Formula (14.9) together with the fact that J(M,Sl) : = det(Cft + D) 

for M = G Sp(n, R) and G H n is automorphic factor, we see 

that G2 is a subgroup of Gi. We observe that uj c (tb), u> c (d a ), tu c (a n ) in 

Theorem 13.3 and a G generate the group Mp(c). We shall show that 

u; c (£f,), to c (d a ), uj c (a n ) and a£C] belong to G2. Then Gi = G2 = Mp(c). 
This implies the proof of the theorem. 

Now we shall prove that u c (tb), uj c (d a ), L0 c (a n ) and a G C\ belong to G2. 
For brevity we put F C (P;S1) = {B C (P; ft)} 2 | det(CSl + D)\ m for v c (P) = 

(c d) e S P( n > R } with P G Mp(p)- 

Case I. P = a G CJ C Mp(c). 
In this case, we obtain 

PJ^ c )(ft) = aJ^ (c) (ft). 
So we get B C (P; SI) = a and P C (P; 17) = a 2 . Thus a G G 2 . 
Case II. P = u c (t b ) with t b = ^ * ^ G 5p(n, R). 



HEISENBERG GROUPS, THETA FUNCTIONS AND THE WEIL REPRESENTATION 103 



In this case, according to Formula (13.11), we obtain 

P^ C \Q) = e 2wiCT{cxbtx) ^ {c \n)(x) 

e 2ni a{cx(Q+b) t x} 

= 3?^(v c (u c (t b ))-n)(x). 
We get B C (P; U) = 1 and F C (P; SI) = 1. Thus u c (t b ) G G 2 . 

f l a \ 

Case III. P = u) c {d a ) with d a = _ ± G Sp(n,R). 



In this case, according to Formula (13.12), we obtain 

P^ {c \n) = (deto)T ^( c )(0)(a;'a) 

= (deta)T e 2«<T{cx(V.na)«x} 

= (deta)T^( c )(d a 
= (deta)T ^ c \v c {u c {d a ))-ti){x). 
We get P C (P; 0) = (deta)T and F C (P; Q) = 1. Thus w c (d a ) G G 2 . 

Case IV. P = uj c (a n ) with ct„ = ^ G 5p(n,R). 

In this case, according to Formula (13.13), we obtain 

( mn 
- ] 2 (detc)f f ^ c \VL)(y)e~^ iai - c y tx Uy 
1 ) jR(m,n) 



2A ' (detc)f / e 2nia{c(yn*y-2y^} dy 



2tti <t(cx 4 ai) 



= (detn)-T e"*^ 1 " ^ (by Lemma 14.2) 
= (detn)-T^-( c )(-fi- 1 )(a;) 
= (det ^ {u c {uj c {a n )) ■ Q) (x). 

We get P c (P;0) = (detn)~T with B c (P;iI n ) = r 1 ^, and P c (P;ft) = 



Z 2 . 



Thus u; c (<j n ) G G 2 . Hence we complete the proof. □ 
Definition 14.5. Let Xc '■ Mp{c) — ► C be the map defined by 
Xc{P) = det(Cfl + D) m {B c (P; SI)} 2 , P G Mrf6), 
where v c (P) = ^\ G Sp(n, R). According to Theorem 14.4, the image 

of Xc is contained in and Xc '■ Mp(c) — ► is a character of Mp(c). 
Furthermore we have 

Xc(«) = o? f° r an Y a G C* C Mp(c). 
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We denote by Mp(n, M) c the kernel of % c . We call Mp(n, M) c the metaplectic 
group attached to U c . 

We let 

in : Mp(c) x Mp{c) — ► Mp(c) 
be the multiplication map and let 

$ [c] : MpXc) xi„^C 

be the map defined by 

$ [c] (P,0) := B C (P;Q), P G Mp(c), fi G M n . 

We provide Mp(c) with the weakest topology such that the following three 
maps 

zv c : Mp(c) — > Sp(n,R), m : Mp(c) x Mp(c) — > Mp(c), 
$ [c] : Mp(c) x M n — ► C* 
are all continuous. 

Then we have the following properties. 

Lemma 14.6. Mp(c) is a Hausdorff space on the above weakest topology. 

Proof. Fix an element ft G H n . Let n : Mp(c) — ► 5p(n,M) x C* by 

(14.11) V (P) := (u c (P),B c (P;Q )), PeMpXc). 

Then by the weak topology on Mp(c), n is continuous. If P, Q G Mp(c) 
such that 77 (P) = rj(Q), then v c {P) = v c {Q) and B C (P; fi ) = B C (Q;9. ). 
QP^ 1 = a G C* because f c ((5P _1 ) = 1. Thus Q = aP. By assumption, 

B C (Q; fi ) = S c (aP; n ) = «5 C (P; fio) = ^ C (P; tt ). 

Therefore a = 1, that is, P = Q. This implies that 77 is one-to-one. 

Let / : Sp(n, l)xC* — ► C* be the map defined by 

(14.12) f(M, a) := a 2 {det(Cft + D)} m , 

where M = G 5p(n, R) and a G C*. By Theorem 14.4, rj(Mp(c)) = 

Since / and CJ is a submanifold of C*, we see that r](Mp(c)) 

is a submanifold of M)xC*. Therefore r]{Mp{cj) is Hausdorff because 
Sp(n, R) and C* are Hausdorff. □ 

Lemma 14.7. Let h : Mp(c) — ► Sp(n, R) x C* 6e i/ie mop defined by 

h(P):= (u c (P),Xc(P)), PeMp~&). 
Then the map h defines a connected double covering of the Lie group Sp(n,M.)x 
C* ; and hence gives Mp(c) the structure of a Lie group. 
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Proof. We note that h is continuous. We see that 

ker/i= ker v c n ker Xc = C\ n ker Xc = ker (x c |q) = {±1}- 
Let h* : Sp(n,R) x C* — ► Sp(n,R) x C* be the map defined by 

(14.13) h*(M,a) := (M,f(M,a)), M G Sp(n,R), a G C*, 

where / is the map defined by (14.12). Then h = h* o rj, where rj is the 
map defined by (14.11). Clearly h* is a double covering projection. Since 

h~ l (Sp(n, R x C*) = rj(Mp(c)), the restriction h* tV of h* to rj(Mp(c)) is a 
double covering 

K :V : Mp{c) — ► Sp(n,R) x C* 

of the manifold Sp(n, R) x C*. It only remains to prove that Mp(c) is 
connected. Since Sp(n, R) and are connected, according to the exact 

sequence (14.9), Mp(c) is connected. □ 

Proposition 14.8. Mp(n,l) c is a closed connected subgroup of Mp{c) and 
q c : Mp(n,R) c — ► Sp(n,R) is a double covering projection with ker q c = 
{±1}, where q c is the restriction of v c to Mp(n,R) c . 

Proof. By Lemma 14.7, q c is a double covering projection of Sp(n,R). Ir 
only remains to prove that Mp(n,R) c is connected. The stabilizer at il n 
under the action (11.6) of Sp(n, R) is given by 

{ (-£ a) G ^ n ' M ) | A ' A + BtB = I n, A f B= B t B^j 

that is isomorphic to U(n) via ^ ^ . The map 

Mp(n,R) c ^U n , P^q c (P)-(iI n ), P £ MP(n,R) c 
gives the coset space of Mp(n,R) c with respect to g~ 1 ([/(n)), i.e., 

Mp{n,R) c /q-\U{n)) = M n . 
For f2 = z/ n , the map -B c; i/ n : Q , ( T 1 (^("-)) — ► defined by 

(14.14) B c . iIn (P) := B c (P;iI n ), P G ^(^(n)) 

is a continuous character. If P G g , ~ 1 (t r (n)) with g c (-P) = ^ ^ ^ G 
U(n), then 

{5 c;i / n (P)} 2 = {£ C (P;*I„)} 2 = {det(A-zB)}- m . 
We define the map det* : U(n) — > C| by 

(14.15) d<(_^ ^) := {det^-^)r m , ^6%). 

and the map Sq : CJ — ► CJ by Sq(a) = a 2 with a G CJ. The we have the 
following commutative diagram : 
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Sq 



U{n) -^_> CJ 



diagram 14.1 



Thus q c l {U{n)) along with its topology is the fibre product of det* and Sq. 
Since U(n) and C* are connected, g , ~ 1 (f/(n)) is connected. □ 

Corollary 14.9. The exact sequence 

(14.16) 1 — ► {±1} — ► Mp(n, R) c ^-> Sp(n, R) — ► 1 
is non-split and [Mp(n, R) c , Mp(n, R) c ] = Mp(n,R) c . 

Proof. Embed f7(l) into U(n) via z diag(z, 1, 1, ■ ■ ■ , 1), and embedd U(n) 
into Sp(n, R) via 

U{n) 3 A + iB i — ► (^_ A B g 5p(n, R) with A, Be R (n ' ra) . 

So C/(l) C U(n) C Sp(n, R). According to the commutative diagram in the 
proof of Proposition 14.8, the exact sequence 

1 — {±1} — q'HUil)) ^ U(l) — 1 
can be identified to 

(14.17) 1 — >{±1} — >C!^>Ci — »1. 

If we restrict the exact sequence (14.17) to the torsion subgroups, then we 
get the non-split exact sequence 

(14.18) 1 — >Z/2Z — >Q/Z^Q/Z — > 1, 

where m,2 ■ Q/Z — > Q/Z is the map defined by mi{x) = 2x for x e Q/Z. 
Thus the exact sequence (14.16) is non-split. 

For brevity, we put Mp (c) := Mp(n,R) c . Since [Sp(n,M), Sp(n,R)] = 
Sp(n,R), [Mp( c ), Mp( c )] sits in the exact sequence 
(14.19) 

1 — ► {±1} n [Mp (c) ,Mp (c) ] — ► [Mp (c) ,Mp (c) ] — ► Sp(n,R) — ► 1. 

Assume {±1} n [Mp( c ), Mp( c )] is trivial. Then according to the above exact 
sequence (14.19), we have an isomorphism <p : Sp(n,M.) — > [Mp^, Mp^} / 
Mp/ C y Thus the exact sequence (14.16) is split because q c o <p the identity 
map. This contradicts the fact that the exact sequence (14.16) is non-split. 
Hence we obtain 

{±1} n [Mp (c) ,M P(c) ] = {±1} and [M P(c) , M P(c) ] = M P(c) . 
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□ 

Corollary 14.10. For a fixed element SI G H n , we let 

U(Sl) = {M £Sp(n,R)\ M-Sl = Q}. 

Let M n G Sp(n,R) such that fl = M ■ (il n ). Then U(Q) = M n U{n)M n l . 
IfPt QcHU(n)) such that q c (P) = M n q c {P Q )M^ with P G q-\U(n)), 
then 

{B c (P;Sl)} 2 = det*(g c (P)), 
where det* : U(n) — ► is the map defined by Formula (14-15). 

Proof. The case Q = il n has already been proved before. We note that 
U{il n ) = U(n). For M = and Si € H n , we put J(M, ft) = 

det(CSl+D). By definition, if P G q'^UiSl)) such that q c (P) = M n q c (P )M Q l 
with P G ^([/(n)) and g c (P ) = ^f) G I7(n), then 

(B c (P;ft)} 2 = J(q c (P),fiy m = {j{M n q c {P )M n \Si)Y rn 
= {J(M n q c (P ),iI n ) J(M n \n)y m 
= {J(M n ,iI n )J(M- 1 ,Q)J(q c (P ),iI n )y m 
= {j{q c (P Q ),iI n )y m 
= {det(A-iB)}- m = det* c (q c (P )). 

□ 
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15. Theta Series with Quadratic Forms 

In this chapter, we review the theta series of several type. 

Definition 15.1. A symmetric integral matrix S of degree m is said to be 
even if *£ S £ = mod 2 for all £ G Z*" 1 ' 1 ). The level g of an even symmetric 
nonsingular matrix S is defined to be the smallest positive integer such that 
qS^ 1 is even. 

It is well known that if S is positive definite even integral matrix of degree 
m such that det S = 1, then m is divisible by 8. 

Definition 15.2. For a symmetric integral matrix T of degree n and a 
symmetric integral matrix S of degree m, we define 

A(S,T) := #U G ^ (m,n) | = T}. 

We observe that if S is positive definite, A(S, T) is finite. It is easy to see 
that S\ and S2 are equivalent, that is, t USiU = S2 for some U £ GL(m,Z) 
if and only if A(Si,T) = A(S2, T) for all n and symmetric integral matrices 
T of degree n. 

Let S be a positive definite integral matrix of degree m. We define the 
theta series '■ — ► C by 

(15.1) t?s(fi)= ^ e wi«T(scn*O j f) G H n . 

Then t? s (0) is a holomorphic function on H n . We see that 
$ S (Q)= A{S,T)e wia( ™\ 

T= t T>0 

where T runs over the set of all semipositive symmetric integral matrices of 
degree n. 

Theorem 15.3. Let S be a positive definite symmetric integral matrix of 
degree m. Then i?s(fi) satisfies the transformation formula 

(\ — 
det -J 2 # s (Sl) for all Q G H n . 

Here the function h : H n — > C given by 

h(n) = ^det ? V , O G H n 

is the function determined uniquely by the following properties 

(a) h 2 (Q) = (det 9) , !iGH„, 

(b) h(iY) = (dety)a for any positive definite symmetric real matrix Y 
of degree n. 
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For a positive integer m, we define 



— ( \ - \ m 

det- J = \ ( det-j > , $7 G H n . 



Proo/. For a fixed element ft G H n , we define / : R( m > n ) — ► C by 
(15.3) f(x)= ^ e 7 ^ 5 ^ '^), iGKM. 



We observe that / is well defined because the sum of the right hand side of 

(15.3) converges absolutely. It is clear that if x = (xij) is a coordinate in 
R( m > n \ then / is periodic in x^ with period 1. That is, 

f(x + a ) = f(x) for all a G Z( m ' n ). 
Thus / has the Fourier series 

(15.4) f(x)= Yl c a e 2wiaixta \ 

where 



= I 1 ■■ f 1 f{y)e- 2 * ia{yta) dy 
Jo Jo 

= f ... f \^ e T*<T{SK+»)n «({+»)} m e -2ni<T(y*a) dy 

J° Jo eez(m , n) 

jR(m,n) 
_ / g7T i cr 



{SiyQty^ytiS^a))} 



dy 



m 

= (det5)-f (det") * g-"^- 1 ^- 11 ") (by Lemma 14.2) 

According to Formulas (15.3) and (15.4), 
t?s(fi) = /(0) = c « 



m,n) 



= (det5)"f (det") 2 e-^-^C-n- 1 )^} 

m 

= (det5)-t (det") ' ^(-fT 1 ). 



Consequently we obtain the formula (15.2). □ 
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Let S be an positive definite even integral symmetric matrix of degree m. 
Let A and B be m x n rational matrices. We define the theta series 

Theorem 15.4. Let S be an positive definite even integral symmetric matrix 
of degree m. Let A and B be m x n rational matrices. Then $S;A,b(Q) 
satisfies the transformation formula 

/ \ — 

(15.5) tfs-i^BC-JT 1 ) = e-^< tAB ^ (detS)S (det jj * & s . b ,-aM 
for all OeH n . 

Proof. Following the argument of the proof of Theorem 15.3, we can obtain 
the formula (15.5). We leave the detail to the reader. □ 

Definition 15.5. A holomorphic function / : M n — ► C is called a Siegel 
modular form of weight k G Z if it satisfies the following properties : 

i) f(M ■ n) = det(cn + D) k f(n) for 7 = (a ^) € r n . 



2) / is bounded in the domain Y > Y Q > with Q = X + i Y, X, Y real. 

We will give some examples of Siegel modular forms using the so-called 
thetanullwerte. For a,b G Z n , we consider the thetanullwerte 

(15.6) tf(n;a,b) = ^ e wia{t ^ +1 i a)n tt +1 i a) + tb ^, Hei„. 



Lemma 15.6. Let a,b £ Z n . Then ; a, 6) satisfies the following proper- 
ties 

(a) ; a, &i) = ; a, 6 2 ) if b\ = b 2 mod 2. 

(b) IfaeZ n , then${n;a + 2a,b) = (-1)' 6S #(Q ; a, 5). 
(cj tf(fi;a,&) = (-l) ta6 i9(0;a,6). 

(dj tf(fi ; a, 6) = t/ *ao ^ mod 2. 

Proof, (a) follows from a direct computation. If we put = £ + a, 
tf(ft;a + 25, ) = ^ ^M^+^+s^+ia+HH^} 

= ^ eW iff{*(€.+§o)n(c,+^o) + '6K.-o)} 

= e _,ritK t?(n;a,6). 

Therefore we get the formula (6). If we substitute £ into — £ — a, we obtain 
the formula (c). (d) follows immediately from the formula (c). □ 

A pair {a, 6} with a,b £ {0, l} n is called a theta characteristic. A theta 
characteristic {a, b} is said to be even (resp. odd) if t ab is even (resp. odd). 



HEISENBERG GROUPS, THETA FUNCTIONS AND THE WEIL REPRESENTATION 111 

By induction on n, we can show that the number of even theta characteristics 
is (2 n + l)2 n_1 . 

Let 7 = G T n and let {a, b} be a theta characteristic. We define 

a\ _ / D -C\ fa\ , AC* J D) 



where To is the column vector determined by the diagonal entries of an n x n 
matrix T. 

Theorem 15.7. (1) The Sieg el modular group r ra acts on the set ^ of theta 
characteristics by 

b) (ft) ' 7G r ™' ^'^ G <(f - 

(%) TTie sign (— l)* afe of the theta characteristic {a,b} is invariant under the 
action (15.7) ofT n . 

(3) T n acts on the set c € e of all even theta characteristics transitively. 

(4) If 7 = G T n , f2 G H n and {a, 6} G , then we have 

(15.8) i? 2 ( 7 -f];a,6) = 1/(7) det(Cft + D) tf 2 (f) ;a,6), 

w/iere 

r«; kt) 4 = 1, 

Proof. By a direct computation, we prove the statement (a). It suffices 
to show the invariance of the sign of (— l)' ab under the generators ts = 

{^0 I^j W **k ^ = t ^ G ^"'"^ anc ^ a s i m pl e computation, 

/!)»(*) S (i,-Sa + S„) mod2 ' 

Therefore it is obvious that the sign of (—1) ab is invariant under the actions 
of ts and J n . In order to prove the transitivity of r„ on < tf e , first of all we 
have to prove the fact that given an even characteristic {a, b} G there 

exists an element 7 = G T n such that 

7 °(o) = (&)' ie -' ^(C < %^(^ t 5)oniod2. 
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We decompose 



n-l 



a± G Z, 02 S , 

61 g z, 6 2 e Z"- 1 



Case 1. ai 61 = 



Then {a±, b\} is even and also {02, 62} is even. By induction on n, we can 
find 7 G T n such that 70 ' ^ 



.07 U. 

Case 2. a% = b\ = 1 

Since *afr is even, there exists an index v with 2 < v < n such that a u = 
b u = 1. Therefore we can find a symmetric integral matrix S = tS G J,( n < n ) 
so that 

% S 1 \ AA _ / a 
In) \b) ~ \b-Sa + S 

is an even theta characteristic satisfying the assumption of Case 1. 

According to Case 1 and Case 2, we see that T n acts on c € e transitively. 

The transformation formula (15.8) for the generator J n follows from the 
formula (15.5) with S = 1 and m = 1. For a generator ts with S = t S £ 

Z( n,ri ), it is easy to see that 



mod 2 



(15.9) 



0(n + S ; a, 6) = * a5a ; a, b + 5a + S 



In fact, (15.9) follows from the following simple fact that t £S£ = So £ mod 2 
for any £ G Z n and x 2 = x mod 2 for any x G Z. We know that $(Q ; 0, 0) 7^ 
because &(iY ; 0,0) > 0. □ 

Theorem 15.8. We set 



if n = 1 
?/ n = 2 
i/ ^ > 3. 



We define the function A( n )(f2) on M n by 

A^(Q) := Yl $(Q;a,b) kn , 

{a,b} 

where {a, b} runs through even theta characteristics. Then A^ n \^l) 
nonzero Siegel modular form on M n of weight 12, 10 and (2™ + 1) 2 n ~ 2 
spectively if n = 1,2 and n > 3 respectively. 

Proof. The proof can be found in [7j. 



is a 
re- 



□ 
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Theorem 15.9. Let m be an even positive integer. Let S be a positive 
definite even integral symmetric matrix of degree m and of level q. Then for 

all 7 = G F n ^(q) with detD > 0, 



11,1 , 



where 



1/5(7) = (detD)f- mn e^< BD ^^ s ^ 



(sgn det D) 2 



m,n) 

(-l)T det s' 



|detD| / 

i/ere (|) denotes the generalized Legendre symbol. 

Proof. The proof can be found in [7], pp. 302 -303. □ 

Theorem 15.10. Let m be an even positive integer. Let S be a positive 
definite even integral symmetric matrix of degree m and of level q. Then 
i9s(f2) is a modular form with respect to the principal congruence subgroup 
T n (q) ofT n . 

Proof. The proof follows from Theorem 15.9. □ 

Theorem 15.11. Let S be an positive definite even integral symmetric ma- 
trix of degree m. Let A and B be m x n rational matrices. Then the theta 
series 

is a modular form of weight y with respect to a certain congruence subgroup 
T n (£) ofV„. 

Proof. The proof can be found in pQ. □ 
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16. Theta Series in Spherical Harmonics 

Let S be a positive definite symmetric m x m rational matrix, and let a 
and (3 be an m x n rational matrix. We define the theta series 



a 





^(m,n) 



c 



by 

(16.1) 



a 

P 



(n,z)-.= * 

7VeQ( m > n ) 
where UeH n , Z € and 

f 1 



a 




(N)e 



Tria( t NSNn + 2 t NZ) 



X 



a 

P 



(AT) 



if AT - a Z( m ' n ) 
e 2wiaCNB) otherwise. 



Let ty m ,n be the algebra of complex valued polynomial functions on 
C( m >«). We take a coordinate Z = (z kj ) in C^ m ' n \ 

Definition 16.1. Let S, a and (3 be as above. For a homogeneous polyno- 
mial P € ^Pm, n , we define 



(16.2) # S ,P 



(16.3) 



a 



(n,z) 



x 





a. 
P 



( N) P(N) e w 1 a( tNSNn + 2 Wz) , 



(16.4) # S ,P 



a 

P 



(«) 





a 
P 



(n,z), 



For any homogeneous polynomial P in *Pm, in , we put 

d 



P(d) = P 
Then we get 
(16.5) P(d)$ s 



dz kl 



, 1 < k < m, 1 < j < n. 



7VeQ( m . n ) 



(tf)P(27riJV)e wi *( Ws " n + 2Wz >. 



Definition 16.2. Let T = (t^-) be the inverse matrix of S. Then a poly- 
nomial P in y$ m , n is said to be pluriharmonic with respect to S if it satisfies 
the equations 



8 2 P 



^ dz ki dzij 



t k i = for all i,j = 1,2, ■■■ ,n. 
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(A B 

Theorem 16.3. Let S, a and f3 be as above. Then for all l^, ^ | in a 

suitable subgroup V ofT n , we have 



(16.6) 



a 





((An + B)(cn + d)-\ z(cn + d)- 1 ) 



a 



Proof. Sp(n, K) acts on the homogeneous space M n x C^" 1 '^ by 

m ■ (n, z) = ((An + B)(cn + d)-\ z(cn + d)- 1 ), 

where M = G 5p(n,R), ft G H n and Z G C( m ' n ). It is known that 

Spin, K) is generated by the translations tb with b = t b and the inversion 
a n . Thus it suffices to prove the functional equation (16.6) for the generators 
tb and a n in a suitable congruence subgroup V of T n . 



For t b 



a 





In b 
In 

(n + b,z) 



G Sp(n,R), 



JVgQ(m,n) 



a 



(N)e 



vr i a{ tNSNitt+b) + 2 *NZ) 



0, 



a 

(3 



(n,z) 



if we choose suitable 6's so that e 7Tlcr ( tNSNb ) = i. This is possible because 
S, a and (3 are rational matrices. 

-In 
Jn 

(16.6) following the argument in the proof of Theorem 15.3. We leave the 
details to a reader. Another representation theoretic proof can be found in 

EH □ 



For the inversion a n 



, we can prove the functional equation 



Lemma 16.4. Let^ N := C[X lr -- ,X N ]. For P G ty N , we let P(d) denote 
the differential operator P (^-^^, ■ • • , gx N ^j • ^or P, Q G ^at, we define 

(P,Q) = (P(d)Q)(0). 

Then ( , ) is a symmetric nondegenerate bilinear form on^N which satisfies 
the property {P, QR) = (Q(d)P, R) = (R(d)P, Q) for all P,Q,R£ %$ N . 



Proof. We first observe that 



■ • • Jijy , • • • a. A 



a\\---a^\ if (ai,--- ,a N ) = (bi,--- , 6at), 
otherwise. 
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Thus (P,Q) is a symmetric nondegenerate bilinear form on ^n- Similarly 
(P, QR) = {Q(d)P, R) = (R(d)P, Q) is easily shown for monomials P, Q, R. 
Hence we complete the proof. □ 



Lemma 16.5. Let Sj(S) C m,n be the space of pluriharmonic polynomi- 
als with respect to S, and I C ty m ,n be the ideal generated by the hij = 
Yl 1 k,l=i t ki z kiZij for all i, j = 1, ■ • • ,n, where T = (t kl ) = S' 1 as before in 
Definition 16.2. Then Sj(S) = I 1 - with respect to the pairing ( , ) introduced 
in Lemma 16. 4, and 

tym,n = © I (orthogonal sum). 

Proof. Let P G <p m , n . Then (fhij,P) = (f(d)h i:j (d)P) (0) = for all / G 
^m,n if and only if hij(d)P = for all i,j if and only if P is pluriharmonic 
with respect to S. Thus $){S) = I ± . Let <P m , n (M) = R[Z U , Z 12 , ■■■ , Z mn ]. 
By the same argument, we have ^(S')r = ijjj , where S)(S)tbl = Sj(S)n^ mtn (M.) 
and Jr = J n ^p mjn (IR). It is easy to see that ( , ) is positive definite on 
qj m ,n(R)- So <£ m , n (M) = ^(5) R Jr. Therefore we have <p m>n = /. 
□ 



Lemma 16.6. If P is a pluriharmonic polynomial in f}(S) C ^P m ,n; 

(16.7) (p(3) ^(Z)^*^- 1 )]) (0) = (P(<%(Z))(0) 

/or any C G C( n ' n ) and any analytic function g defined in a neighborhood of 
0. 

Proof. We put /i(Z) = a(ZC t ZS- v ) and T = (t fcJ ) = S~K It suffices to 
prove the formula (16.7) for any polynomials g(Z). 

oo 1 

(P{8) [g(Z) e h ^] ) (0) = £ - (P(3) [»(Z)/»(Z)»] ) (0) 

n=0 

oo 

= 

n=0 
oo 1 

= ^ — (h(d) n P, g) (by Lemma 16.4) . 



n=0 



By the way, h(d)P = because P is pluriharmonic. Indeed, if we put 
C = (cij) and Z = (z k i), then we have 

h(Z) = a(ZC l ZS- v ) 



— ^2 Ci i E tkl Zki Zl i ' 



V fcJ=l 
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We put f tj (Z) = YZ,i=itklZkiZij. Then h(d)P = £™ j=1 <Hj {fij{d)P) = 
because P is pluriharmonic. Therefore we get 



P(d) [g(Z)e h ™]) (0) = (P,g)= (P(d)g(Z))(0). 



□ 



Corollary. If P is a pluriharmonic polynomial in Sj{S) C ^Pm,n 

and C is 

an n x n symmetric complex matrix, then 

p{d)e *{zctzs-^) = p^C'ZS-^e^ 20 ' 23 ^. 
Proof. We put h(Z) = e^zc'zs- 1 )^ For any A £ c (m,n) j we let 

/(Z) = /i(Z + A)= /i(Z)h(A)^(Z), 
where g(Z) = e 2 < ACtzs ~^ . Then 

(P(d)h(Z))(A) = (P(d)f(Z))(0) 

= h(A)(P(d)[h(Z)g(Z)])(0) 

= h(A)(P(d)g(Z))(0) (Lemma 16.6). 

But 

"" = (2C t AS- 1 ) ki g(Z). 



dz ki 

By a repeated application of this, we have 

P(d)g(Z)= P(2C t AS- 1 )g(Z). 

Therefore 

(P(d)h(Z))(A) = h(A)(P(d)g(Z))(0) 

= h(A)P(2C t AS- 1 )g(0) 
= h(A)P(2C t AS- 1 ). 
Hence P(d)h(Z) = P(2C t AS- 1 ) h(Z). □ 

Lemma 16.7. Let f be an analytic function on C*" 1 '™) and let P G ^ m ,n- 
For A G C( n -") and B G & rn ' m \ we let 

f A , B { Z ) = f(BZA) and P A ,b( z ) = P ( 'BZA' 1 ). 

Then 

P(d)f AB (Z) = (P A ,B(d)f)(BZA). 
In particular, {PJa,b) = {Pa,bJ)- 

Proof. We let A = ( aij ) G C^ n \ b = (hi) G C {m ^ and Z = (z lp ). By an 
easy computation, we get 

^T^(Z) = f2it b kia p ip-(BZA), l<l<m, 1 < p < n. 
dz lp dz kl 
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We put 
Since 

we have 



_d_ 

dzi, 



Z = t BZA~ 1 with Z = (z lp ) 
d 



m n 

fc=i i=i 



1 < Z < m, 1 < p < n, 



<>J [B (Z) = ^L{BZA) for all/, p. 



dzip dzip 
Therefore we have P(d)f AiB {Z) = (P AB (d)f)(BZA). 



□. 



Lemma 16.8. GL(n,C) x O(S) acts on $) m , n by 
(16.8) (A,B)P{Z) = P{B~ l ZA), 

where A £ GL(n, C), B £ 0(S) and P £ ^ m ,n- The space F>(S) of pluri- 
harmonic polynomials in ^ m ,n is invariant under the action (16.8). 

Proof. According to Lemma 16.5, I = Sj(S)' L is the ideal of tym,n generated 
by hij(Z) = Yskl=i tkl Zki zij for all i, j. So by Lemma 16.7, it suffices to show 
that h i:j (ZA) and hij(BZ) belong to I for all A £ GL(n, C) and B £ O(S). 
If A = ( aij ) £ GL(n, C), Z = (z ki ) £ and T = (t M ) = S~ 1 , then 

n I m 

flij(ZA) = a pi a qj I ^ tklZkpZlq 



p,q=l 



,k,l=l 



UB = (6 W ) £ O(S), then 
hij(BZ) 



/ ^ o-pi a q j hpq(Z) £ I. 

p,q=l 



/ ^ Zpi Zqj I ^ ^ tfclbkpblq 
p,q=l \k,l=l 



>pq 



= /2 z P* z v( tBTB )i 

p,q=l 

Since B £ 0(S), we have T = l BTB. Indeed BS l B = and hence t B S' 1 B' 1 
S' 1 . Thus t BTB = T. Hence we have h^BZ) = Ep, 9 =i*P? z P i z qj = 
hij(Z) £ I. Therefore we complete the proof. □ 

Theorem 16.9. Let S, a and (3 be as above. Let P be a pluriharmonic 
polynomial in ty m ,n with respect to S. Then 



(16.9) & S ,P 



a 

P 



a 




((An+B)(cn+D)- 1 ), 
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A B 



where P(Z) = P(Z(Cn + D)), for all ( ^ ^ j in a suitable subgroup T of 



Proof. Let P be a homogeneous pluriharmonic polynomial of degree k. Then 
according to Formula (16.5), we get 



(2 7ri)- k P(d)$ s 



a 

P 



= (2ni)' k £ X 

(m,n) 



JV g Q(m,n) 



a 
P 



(n,z) 

(N)P(2iriN) e *i<*SNCi + 2*NZ) 
( N) P(N) e w i a( tNSNn + 2 tNZ) 



a 
P 



O: 

P 



(n,z). 



Here the fact that P is homogeneous of degree k was used in the second 
equality. Putting Z = 0, we get 



(16.10) (2iri)- k (p(d)0 

By Theorem 16.3, 



/3 



(n,o) = $ s ,p 



O: 



(n). 



a 
P 



(16.11) 



= det(Cfi + £>)" 

■Kia{Z{CQ,+D)- 1 C t ZS- 1 ) 



xe 



a: 



((An + B)(cn + £>) _1 , z(cn + d)- 1 ). 



If we apply the differential operator (2 ir i)~ k P(d) to both sides of Formula 
(16.11) and put Z = 0, according to Formula (16.10), Lemma 16.6 and 
Lemma 16.7, we obtain 



a 
P 



(«) 



= (2iri)~ k det(Cn + D)-^ 

= (2TTi)~ k det(Cn + D)-T 

= det(CO + D)"T ~ 

= det(Cfi + .D) _ ^ $ S p 



P(d)$s p ((An + B)(cn + D)-\z{cn + d)- 1 ) 
p(d)# s a {(An + B)(cn + D)-\z) 
((An + B){cn + d)-\o) 
((An + B){cn + d)- 1 ) , 



z=o 



J z=o 
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where P{Z) = P(Z(CQ + D)). We note that we used Formula (16.6) and 
Lemma 16.6 in the first equality, and Lemma 16.7 in the second equality. 
In the third equality we used the fact that P is homogeneous of degree k. 
Consequently we complete the proof. □ 

Definition 16.10. Let (p, V p ) be a finite dimensional rational representation 
of GL(n,C). A vector valued function / : H n — ► V p is called a modular 
form with respect to p if it is a holomorphic function on IHI n such that 

f((AQ + B)(Cn + D)- 1 ) = p(Cn + D)f(Q), Jlei n 
for all in a suitable congruence subgroup of T n . 

We recall that Sj(S) denotes the space of all pluriharmonic polynomials in 
*p m n with respect to S. Let W be some GL(n, (C)-stable subspace of $)(S). 

a 



We define the PF*-valued function $w 



: H n — ► W* by 



(16.12) <&w 



a 




(n)j (P) := 



a 



(«) 





for all n G M n and P G W C ^(S 1 ). Here W* denotes the dual space of W. 

Now we introduce the homogeneous line bundle £2 over H n . First of all 
we consider the double covering GL(n, C) of GL(n, C) defined by 

GUjCc) = { (g, a) I a 2 = det(#), g G GL(n, C), a G C* } 
equipped with the multiplication 

(Sii^i) (32,02) = (5132,0102), 3i,32 G GL(n,C), ai,a 2 eC*. 
Let /9 be a one-dimensional representation of GL(n,C) defined by 

p{g,a) = a = (det(g))*, g G GL(n,C), « G C*. 



, 1 



Then p yields the homogeneous line bundle on H n , denoted by £2. The 
complex manifold 

Ch =H n xC 

is a holomorphic line bundle over M n with the action of the metaplectic 
group Mp(n, M) given by 

M-(Q,z) = ((An + B)(Cn + D)- 1 ,det(Cn + D) 1 / 2 z ), M G Mp(n, R), 

where ^ ^ G Sp(n, R) is the image of M under the surjective homo- 
morphism of Mp(n,R) onto Sp(n,R). For a positive integer k, we define 
£3 = (£l)® fc = £3 <g> ••• ®£2 (fc- times). 
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Let r be the representation of GL(n, C) on W denned by 

(r(g)P)(Z):= P(Zg), g e GL(n,C), P € W, Z € C^ n \ 

We observe that if P is a homogeneous pluriharmonic polynomial given by 
Theorem 16.9, then P = r(Cn + D)P. Let r* be the contragredient of r. 
That is, 

(r*(g)£)(P) = l{r(g)- l P), g e GL(n,C), £gW*, PgW. 



Theorem 16.11. Let a and (3 as above. Then the function $w 



a 
P 



defined in (16.12) is a modular form with values in W* (g> C 2 with respect 

m 

to the representation t* (8> det~ for a suitable congruence subgroup T. For 
any W and n, it is non-zero for suitable a and (3. 

Proof. By Theorem 16.9, for all P G W C $j(S) and for all in a 

suitable congruence subgroup r of T n , we get 



(«) (^) 



a 

/3 



det(Cfi + D) _ T 



det(Cn + £))- 
det{Cn + D)~ 
det{Ctt + DY 



a 

P . 
a 

. P 
a 

P 



((An + b)(cq + d)- 1 ) 
({An + B)(cn + D)- 1 )^j (p) 

((AQ + B)(Cn + D)- 1 )) (t(CQ + D)P) 



t*{CSI + D)~Hw 



a 

p 



((An + B)(cn + d)- 1 )^ (p), 



where P is a homogeneous pluriharmonic polynomial defined by P(Z) 
P(Z(Cn + D)). Therefore 



a 
P 



((AQ+B^Cn+D)- 1 ) = det(Cn+D)^ -T*(Cn+D)$ w 



a 

P 



(Q). 



Hence dw 



a 
P 



(n) is a modular form on M n with values in ® £ 2 with 



respect to a suitable congruence subgroup T of r„. 



□ 



Remark 16.12. Using Theorem 16.11, we can prove that for all n > 2 and 
1 < r < n — 1, there are congruence subgroups r C T n and T-invariant 



n(n+l) r(r+l) 
2 2 ' 

proof can be found in [2H]. This fact was proved by Freitag and Stillman. 



non- vanishing holomorphic k- forms on H n , where k = fH " 2 t " i; — . The 



Definition 16.13. Let (p, V„) be a finite dimensional rational representation 
of GL(n,C). A pluriharmonic form with respect to p is a polynomial P from 
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C( m ' n ' to V p if it satisfies the following conditions : 
m d 2 P 

( 16 - 13 ) J2 dzk . dzk . = for alH,j = 1,2,--- ,n 

and 

(16.14) P(ZA) = p{ t A)P{Z) for all A G GL(n,C). 

We denote by $J m ,n(p) the space of all pluriharmonic forms with respect to 
P- 

Freitag proved the following. 

Theorem 16.14. Let S be a positive definite even unimodular matrix of 
degree m and let (p, V p ) be a finite dimensional rational representation of 
GL(n,C). LetP G ftm,n{p) be a pluriharmonic form with respect to p. Then 
the theta series 

(16.15) e 5l p(0):= Yl POS^AOe™^^) 

is a modular form with respect to the representation p* of GL(n, C) defined 
by 

(A) = p{A) (det A) f , A £ GL(n, C) 
/or the the Siegel modular group T n . 

Proof. We will omit the proof. The proof can be found in [7j. □ 
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17. Relation between Theta series and the Weil 
Representation 

Let (tt, V w ) be a unitary representation of Sp(n,M.) on the representation 
space V n . We assume that (ir,V n ) satisfies the following conditions (A) and 
(B): 

(A) There exists a vector valued map 

& : M n — ► V n , n^^n ■= 
satisfying the following covariance relation 

(17.1) tt(M)^ q = ip(M) J(M, ny 1 & M -n 

for all M G Sp(n,M) and O G H n . Here ip is a character of Sp(n,M) and 
J : 5p(n,M) x H n — ► GL(1, C) is a certain automorphic factor for Sp(n,M) 
on H n . 

(B) Let T be an arithmetic subgroup of the Siegel modular group T n . There 
exists a linear functional 9 : V n — ► C which is semi-invariant under the 
action of T, in other words, for all 7 G T and G H n , 

(17.2) <7r*( 7 )0, ^h> = (MW -1 ^) = x(i)(o, ^h), 

where 7r* is the contragredient of 7r and % : T — ► CJ is a unitary character 

of r. 

Under the assumptions (A) and (B) on a unitary representation (n,V w ), 
we define the function 6 on H n by 

(17.3) 9(0) := {0,& n ) = 0(& n ), 

We now shall see that 9 is an automorphic form on M n with respect to 
T for the automorphic factor J. 

Lemma 17.1. Let (tt, V w ) be a unitary representation of Sp(n,W) satisfying 
the above assumptions (A) and (B). Then the function 9 on M n defined by 

(17.3) satisfies the following modular transformation behavior 

(17.4) 9(7 • n) = ^y 1 xd)- 1 J(7, e(«) 

for all 7 G T and G H n . 

Proof. For any 7 G T and G H n , according to the assumptions (17.1) and 
(17.2), we obtain 

9(7-0) = (6,<? r n) 

= (e,^(7)- 1 «/(7,^)vr(7)^> 

= ^(7) _1 X(7) _1 J(7, 
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□ 

Now for a positive definite integral symmetric matrix M of degree m, we 
define the holomorphic function : H n — ► C by 

(17.5) e M (Q):= Yj e 27via ( M t Qt t), (I G M n . 

Theorem 17.2. Let 2 M be a symmetric positive definite, unimodular even 
integral matrix of degree m. Then for any 7 G T, the function @m satisfies 
the functional equation 

(17.6) ® M {i-Sl) = PM {l)J m {l^)® M {Sl), neM n , 



where pm is a character of T with \pm{i)\ S = 1 f° r all 7 G T and J m 
Sp(n, R) x H n — ► CI is the automorphic factor for Sp(n, M) on H n defined 
by the formula (14.2) in Section 14. 

Proof. For an element 7 = ^ ^\ G T ra and 17 G H n , we put 

^ = 7 . = (,40 + B)(cn + 
We define the linear functional $ on L 2 (R( m ' n )) by 

0(f) = {#,/):= J2 /(O, /^ 2 (K M ). 

We note that 0m (ft) = ^(^ M) ). Since ^"(• A/( ) is a covariant map for the 
Weil representation lu_m by Theorem 13.3, according to Lemma 17.1, it suf- 
fices to prove that 1? is semi-invariant for lom under the action of T, in other 
words, -d satisfies the following semi-invariance relation 

(17.7) {*,um<h)*^) = pm{i)- 1 

for all 7 G T and 0, G H n . 

We see that the following elements 

tp = fa with any = ^Z^, 

d a = 



In 







In) 




' 










-In 


In 






0"n = 

generate the Siegel modular group Therefore it suffices to prove the 
semi-invariance relation (17.7) for the above generators of r n . 

Case I. 7 = tp with = *0 G iP 1 ^ . 
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In this case, we have 

= Q + and J m (7, ^) = 1- 
According to the covariance relation (14.4) in Section 14, we obtain 

= <*-o 

= E -*Oo 

e 2 7 ri<r(VW£(Q+/?)<?)) 
e 2iri<T(X€n%). e 2 W iff(jH€)9^) 
_ ^ g 2 7T i a(M £ H <£) 

m,n) 



Here we used the fact that 2a{M.^ (3%) is an integer because 2M. is uni- 
modular. We put ^(7) = pM^p) = 1 for all € Z( n '«). There- 

fore 1? satisfies the semi-invariance relation (17.7) in the case 7 = ig with 

Case II. 7 = d a with a G GL(n,Z). 
In this case, we have 

17* = 'afia and J m (d a ,Q) = (deta)~^~. 
According to the covariance relation (14.4) in Section 14, we obtain 

($,Lu M (l)^n M) ) with 7 = d a 
= <^,J m (7,^)- 1 ^ ) > 



= (det a 

= (det a 

= (det a 

= (det a 

= (det a 



£ eZ (m,n) 

2 E ■ 
2 E ■ 



3 2tt io-(A4^*aOa'0 



3 2 7ri<r{A1(($ 'a)Q *(£*<*))} 
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Here we put PM{d a ) = (deta) _ ~2~. Therefore $ satisfies the semi-invariance 
relation (17.7) in the case 7 = d a with a € GL(n,Z). 



Case III. 7 = s n 



-I r 

Jn 

In this case, we have 



SI* = — $7 and J m (s n ,Q,) = [detQ) 2 . 

In the process of the proof of Theorem 14.1, using Lemma 14.2, we already 
showed that 

(17.8) / e 27r iv(M(yQ t y + 2y t x)) ( iy 

(\ — — 
det ^M 2 e -2 W i«r(^xn-i«x)_ 

By Formula (17.8), we obtain 

5^(2Mx) = / ^ M \y)e- 2 ^^ 2M ^dy 

— / g2 7ricr(A1yn*?/) . e -4nicr(M y*x) fly 

= f e 27Tia{M(yn t y + 2y t (-x))} dy 

JHt(rn,n) 

(\ — — 
2jA 2 e -2 7ricr(A1 (-x) O" 1 t {-x)) 

rn 

(17.9) ^ M \2Mx) = (detM)"* (det ^) * e-^*^*"" 1 '^ 

where / is the Fourier transform of / defined by 

7(s)= / f(y)e- 27ria(ytx Uy, 
Jr(™.«) 

We prove the Poisson summation formula in our setting. 
Lemma 17.3. Let f be an element in L 2 (R^ m ^). Then 

(17.10) £ 7(0= £ /(£)• 
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Proof. We define 



(17.11) h(x)= Yl /(* + 0> ^« M . 

£ g g(m,n) 



We see that h(x) is periodic in x^ with period 1, where x = (xij) is a 
coordinate in M( m,n ). Thus h(x) has the following Fourier series 



(17.12) h(x)= £ c a e 



where 



f 1 ■■■ f 1 h(x)e 27Tia( - xta) dx 
Jo Jo 

f ■■■ f f(x + Z)e 2wta(xta) dx 

/ f{x)e 27ria(xta) dx = /(a). 



Here we interchanged summation and integration, and made a change of 
variables replacing x + £ by x to obtain the above equality. 

By the definition (17.11), we have 

H0)= £ /(£)■ 

£ez( m ' n ) 

On the other hand, from Formula (17.12), we get 

no) = E c " = E /(«)■ 

Therefore we obtain the Poisson summation formula (17.10). □ 
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According to the covariance relation (14.4) in Section 14, Formula (17.9) 
and Poisson summation formula, we obtain 

= <^j m ( 7 ,n)-\*$>) 

= (detO)-f e- 2 ^^^' 1 ^ 

(— 

det^V Y ^n M \ 2 MO 

(by Formula (17.9)) 
= ( det 2^)* (det ^ 

(because 2.M is unimodular)) 

m 

l ^Q^\0 (by Poisson summation formula) 

= (-0™ <*,*■(■«>) 
= H)T<^^)>. 

Here we used the fact that det 1M = \ because 2 is unimodular. We 
put PM{ a n) = (— i) ~ ■ Therefore $ satisfies the semi-invariance relation 
(17.7) in the case 7 = a n . The proof of Case III is completed. Since J m is 
an automorphic factor for Sp(n,M) on H n , we see that if the formula (17.6) 
holds for two elements 71, 72 in T, then it holds for 7172. Finally we complete 
the proof of Theorem 17.2. □ 

Remark. For a symmetric positive definite integral matrix M that is not 
unimodular even integral, we obtain a similar transformation formula like 
(17.6). If m is odd, 0^(0) is a modular form of a half-integral weight ^ 
and index 4p with respect to a suitable arithmetic subgroup of T n 

and a character pj^ of Tq^. 
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18. Spectral Theory on the Abelian Variety 

We recall the Jacobi group (cf. Section 12) 

G J = Sp(n,R) k #i n ' m) 

which is the semidirect product of Sp(n, R) and H^ ,m ' endowed with the 
following multiplication law 

(m,(A,^,k))(m , ,(A',^,k')) = (MM / ,(A+A',M+M / ,«+K / +AV-M t A / )) 

with M,M' G Sp(n,R),(X,fi,K), (A', /*',«') G H^' m) and (A, ju) = (A,/x)M'. 
Then G J acts on H n x C^ 171 '^ transitively by 

(18.1) (M, (A, (j,, k)) ■ (p, Z) 

= ({An + B){cn + d)-\ (z + xn + fi){cn + oy 1 ) , 

where M = d) € 5p(n,R), (A,^,k) G izj 1 '" and (n,Z) G M n x 

C( m > n ), We note that the Jacobi group G J is not a reductive Lie group and 
also that the space M n x C^ m ' n ^ is not a symmetric space. We refer to |50|-|56| 
and [57] about automorphic forms on G J and topics related to the content 
of this paper. Prom now on, we write M n m := H n x C (m ' n) . 

We let 

■p p w Tr{n,m) 

L n,m ■ — 1 n ^ "2 

be the discrete subgroup of G J , where 

P>' m ) = | (A, M , «) G H^' m) | A, fi G Z(' m <"), K G Z( m ' m ) } . 

Let £"fcj be the m x n matrix with entry 1 where the A;-th row and the 
j-th colume meet, and all other entries 0. For an element f2 G H n , we set 
for brevity 

(18.2) F kj (n) := E kj tt, l<k<m, 1 < j < n. 
For each Q G J- n , we define a subset Pq of C( m,ri ) by 

fc=i i=i fc=i j=l 

For each H £ f„, we define the subset Dq of H n x C( m,ri ) by 
L> n := { («, Z) G H n , m | Z G Pn } . 

We define 

•P?i,m := Ufigj^.Dfi. 
Theorem 18.1. J" n . m is a fundamental domain for Y ntm \M. n ^ m . 
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7 



er n . 



Proof. Let (17, Z) be an arbitrary element of Hn m . We must find an element 
(17, Z) of F n ,m and an element r y J = (7, (A, h;k)) G r„ irrt with 7 G T n such 
that 7 J • (17, Z) = (17, Z). S ince J~ n is a fundamental domain for r ri \HIn; 
there exists an element 7 of T n and an element 17 of J- n such that 7 • 17 = 17. 
Here $7 is unique up to the boundary of T n . 

We write 

It is easy to see that we can find A, n G Z( m ' n ) and Z G Pq satisfying the 
equation 

z + \n + n = z{cn + d). 

If we take 7 J = (7, (A, /x;0)) G r„ )m , we see that 7 J • (17, Z) = (17, Z). 
Therefore we obtain 

H n , m = U 7 ,/ Grn m 7 J • T ntm . 

Let (17, Z) and j J • (17, Z) be two elements of J- n , m with j J = (7, (A, /j,; k)) G 
r n ,m- Then both 17 and 7 • 17 lie in T n . Therefore both of them either lie in 
the boundary of T n or 7 = ±l2n- in the case that both 17 and 7 • 17 lie in the 
boundary of T n ^ both (17, Z) and j J • (17, Z) lie in the boundary of T n ^ m . If 
7 = ±/2n) we have 

(18.3) ZGPn and ± (Z + A17 + fi) G P n , A^eZ^. 

From the definition of P^ and (18.3), we see that either A = /i = 0, 7 / —hn 
or both Z and ±(Z + A17 + fx) lie on the boundary of the parallelepiped Pq. 
Hence either both(17, Z) and 7 J • (17, Z) lie in the boundary of F n ,m or 
7 J = (/2n, (0, 0; k)) G r n , m . Consequently .F n)m is a fundamental domain 
for r nim \H nj?n . □ 



For a coordinate (17, Z) G 
C(™.»), we put 



"■n,m 



with 17 = (oj^v) G H n and Z = (zm) G 



17 

Z 

dn 

dZ 

dn 



-X + iY, 
--U + iV, 

-- (dz k i), 
-- (duJ^), 



X 

u 

dX 
dU -- 
dZ = 



— {, x av)i 
= (Ukl), 

— (cix^), 
= (du H ), 

(dz k i), 



y = iVnu) real, 
V = (vki) real, 
dY = (dy^), 
dV = {dvki), 



d_ 



_d_ 

dZ 



1 + 5 



d 



d 
dz m i 



d 


( 1 + <W 


an ~ 


V 2 






— 1 


0211 


dz \ 


, d 




\dz ln 



d 



duj 



8 



9z r 
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Remark 18.2. The following metric 

dsl >m = a (y _1 dfi Y^dtt) + a (Y' 1 l V V Y~ x dTL Y^dH) 

+ a(Y~ lt (dZ)dZ) 

- a {VY- 1 d9.Y- l \dn) + V Y^dttY- 1 \dZ) ) 

is a Kahler metric on HI n5m which is invariant under the action (18.1) of the 
Jacobi group G J . Its Laplacian is given by 



dnj on J \ dz \oz 

+ l-( w-^v^Y-L^ ° 



dzj dZ 

V V on J oz J v V ozj on 

The following differential form 

dv n>rn = (dety)" (n+m+1) [dX] A [dY] A [dU] A [dV] 
is a G^-invariant volume element on IH n m , where 



[dX] = A^dx^, [dY] = A^dy^, [dU] = A k ,idu k i and [dV] = A kj idv M . 

The point is that the invariant metric ds^ m and its Laplacian are beautifully 
expressed in terms of the trace form. The proof of the above facts can be 
found in [45] . We also refer to [49] for the action of the Jacobi group G J on 
the Siegel- Jacobi disk D n . 

We fix two positive integers m and n throughout this section. 
For an element £1 £ H n , we set 

L n :=Z (m ' n) +Z (m ' n) ft 

We use the notation (18.2). It follows from the positivity of Imfl that the 
elements E k j, F k j(Q) (1 < k < m, 1 < j < n) of Lq are linearly independent 
over R. Therefore Lq is a lattice in C^ m,n ^ and the set 

{E kj ,F kj {n) \ l<k<m, 1< j<n} 

forms an integral basis of Lq. We see easily that if is an element of Ht^, 
the period matrix fi b := (I n , 0) satisfies the Riemann conditions (RC.l) and 
(RC.2) : 

(RC.l) fi b J n *fi b = 0; 

(RC.2) -io b j n *n b >o. 

Thus the complex torus ^4^ := C^ m ' n ^ / Lq is an abelian variety. For more 
details on ^4^, we refer to [14] and [27] . 

It might be interesting to investigate the spectral theory of the Laplacian 
A nm on a fundamental domain T nm - But this work is very complicated 
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and difficult at this moment. It may be that the first step is to develop 
the spectral theory of the Laplacian Aq on the abelian variety Aq. The 
second step will be to study the spectral theory of the Laplacian A* (see 
(12.2) in Section 12) on the moduli space r n \H n of principally polarized 
abelian varieties of dimension g. The final step would be to combine the 
above steps and more works to develop the spectral theory of the Lapalcian 
A n m on T nm . In this section, we deal only with the spectral theory An on 
L 2 (Aq). 

We fix an element f2 = X + i Y of H n with X = Re Vt and Y = Imfi. For a 
pair (A, B) with A, B £ Z^ m ' n \ we define the function Eq. a b : C (m ' n ^ — ► C 
by 

where Z = U + iV is a variable in C^ m ' n ^ with real U, V. 

Lemma 18.3. For any A,B £ r L^ m,n \ the function Eq-ab satisfies the 
following functional equation 

Eq-,a,b{z + xn + fi) = Eq. a , b (z), z e d m -™) 

for all A,/tG Z( m ' n ). Thus E Q . A . b can be regarded as a function on Aq . 
Proof. We write O = X + lY with real X, Y. For any A, E 7*( m ' n \ we have 
Eq-,a,b(Z + Xn + fi) = Eq, a ,b{{U + XX + fi)+ i(V + AY)) 

_ e 2ni{ cr ( t A(U+XX+ l j))+ cr ((B-AX)Y- 1 \V+\Y)) } 

_ e 2ni{ a ( *AU+ f AXX+ f Afi)+ cr ((B-AX)Y- 1 t V+B t \-AX * A)} 

_ e 2iri{ a ( l AU) + <t ((B-AX) Y~ x * V)} 

= Eq, a ,b{Z). 

Here we used the fact that l Ap and B l X are integral. □ 

Lemma 18.4. The metric 

ds 2 n = a ((Imny 1 t (dZ)dZ)) 

is a Kdhler metric on Aq invariant under the action (18.1) ofT J = Sp(n, Z)x 
jj-(£i m ) Qn ^ 2^ with Q fixed. Its Laplacian Aq of dsfi is given by 

Aq = a 

V dz \dz 

Proof. Let 7 = (7, (A, h;k)) S T j with 7 = G Sp(n,Z) and 

(O, Z) = 7 • (f2, Z) with 17 G H n fixed. Then according to [23, p. 33], 
Im7-0= \CT1+ D)- 1 lmn(Cn + Dy 1 

and 

dz = dz(cn + Dy\ 
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Therefore 

(Im tt)- lt (dZ)d~Z 

= {cTl + D) (im n)- 1 \cn + D) \cn + D)- 1 \dz) d~z (cn + d)- 1 
= (cn + D)(imn)- lt (dz)dz(cn + D)- 1 . 

The metric dsu n = a{dZ t {dZ)) at Z = is positive definite. Since G J acts 
on BI njm transitively, ds^ is a Riemannian metric for any Q £ H n . We note 
that the differential operator An is invariant under the action of r J . In fact, 

i = (cn + D)-^-. 

dz v ' dz 

Hence if / is a differentiable function on ^4^, then 
dZ \ozJ 

= \cTl + d)- 1 (imfi)(CQ + Dy\cn + D)^- ((CTl + D)^L) 

aZ \ dZ J 



i , d V d \\ / „ d tfdf 

a Imfi^ ^ =(T Im n — [ -L 



□ 



Therefore 



By the induction on m, we can compute the Laplacian Aq. 

We let L 2 (Aq) be the space of all functions / : Aq — ► C such that 

||/||n:= / \f(Z)\ 2 dv n , 

where dvci is the volume element on Aq normalized so that f A dvQ = 1. 
The inner product ( , )n on the Hilbert space L 2 (Aq) is given by 

(18.4) (f,g)a:= f f(Z)gJZ)dv n , f,g e L 2 (A Q ). 

J An 

Theorem 18.5. The set { E n . AjB \ A, B € Z^ m ^ } is a complete orthonor- 
mal basis for L 2 (Aq) . Moreover we have the following spectral decomposition 
ofA n : 

L 2 (Aq) = ®A tBe z(m,n) C • Eq-A,B- 

Proof. Let 
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be the torus of real dimension 2mn. The Hilbert space L 2 {T) is isomorphic 
to the 2mn tensor product of L 2 (M/Z), where M/Z is the one-dimensional 
real torus. Since L 2 (M/Z) = @ k &C ■ e 2wikx , the Hilbert space L 2 (T) is 

L 2 {T) = ® A , Be z(m, n) C ■ E A , B {W), 
where W = P + i Q, P,Q G R( m - n ) and 

E A:B (W) := e 2«»<T(*AP+*BQ) ) A,Be Z (m ' n) . 
The inner product on L 2 (T) is defined by 



ran; 



(18.5) (/, 5 ) := • ■ ■ f 1 f(W) g(W) d Pll ■ ■ ■ d Pmn dq u ■ ■ ■ dq 

Jo Jo 

where f,g G £ 2 (P), W = P + »Q € T, P = (p w ) and Q = (g fcJ ). Then we 
see that the set 

[E AjB (W)\A,BeZ^] 

is a complete orthonormal basis for L 2 (T), and each ^a,b(W) is an eigen- 
function of the standard Laplacian 

Ar= EEb + 



We define the mapping <E>f7 : T — ► ^ by 

(18.6) $ n (P + iQ) = (P + QX) + iQY, 

where P + iQ £T, P,Q G R( m ' n ). This is well defined. We can see that $n 
is a diffeomorphism and that the inverse of <&n is given by 

(18.7) ^(U + iV) = {U - VY^X) + i VY' 1 , 

where U + iV £ An, U, V G R( m ' n ). Using (18.7), we can show that for 
A,B G Z( m ' n ), the function Pa„bW on T is transformed to the function 
Eq-,a,b on via the diffeomorphism 3>q. Using (18.5) and the diffeomor- 
phism we can choose a normalized volume element cfof} on Aq and then 
we get the inner product on L 2 (Aq) defined by (18.4). This completes the 
proof. 

□ 
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